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ABSTRACT. This paper examines methods of causal inference based on groupwise matching
when we observe multiple large groups of individuals over several periods. We formulate
causal inference validity through a generalized matching condition, generalizing the parallel
trend assumption in difference-in-differences designs. We show that difference-in-differences,
synthetic control, and synthetic difference-in-differences designs are distinguished by the spe-
cific matching conditions that they invoke. Through regret analysis, we demonstrate that
difference-in-differences and synthetic control with differencing are complementary; the for-
mer dominates the latter if and only if the latter’s extrapolation error exceeds the former’s
matching error up to a term vanishing at the parametric rate. The analysis also reveals that
synthetic control with differencing is equivalent to difference-in-differences when the parallel
trend assumption holds for both the pre-treatment and post-treatment periods. We develop
a statistical inference procedure based on synthetic control with differencing and present an
empirical application demonstrating its usefulness.
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1. Introduction

A recent stream of literature provides a systematic comparison between different causal
inference designs, especially between the synthetic control (SC) and other designs such as
difference-in-differences (DID) or matching (Doudchenko and Imbens (2017), Ferman and
Pinto (2021), Kellogg et al. (2021), Arkhangelsky et al. (2021) and Chen (2023)). However,
the comparison falls short of giving a full picture, because it assumes a data structure inspired
by the SC methods. The data structure assumes cross-sectional units of similar or smaller
magnitude than the time periods. Furthermore, it is not uncommon in this literature that the
treatment occurs only for a single cross-sectional unit.

We take an opposite direction by studying the SC design and its variants from the DID per-
spective, assuming a data structure that involves multiple large groups of individuals observed
over a short period of time. Recent advances in the literature of DID designs consider multiple
untreated groups such as in settings with staggered adoption and heterogenous causal effects
(see Callaway and Sant’Anna (2021), de Chaisemartin and D’Haultfceuille (2020), Goodman-
Bacon (2021), Sun and Abraham (2021) and surveys by de Chaisemartin and D’Haultfeeuille
(2023) and Roth et al. (2023)). Thus, the SC approach naturally maps to this DID framework
with multiple “donor groups”, by matching a counterfactual untreated group mean u, to a
weighted average of group means u; in the “donor pool”:

(1.1) MO:ZIU’]W]'
J

We call such causal inference methods groupwise matching.’

As we show in this paper, the DID design can be thought of as arising from groupwise
matching like SC. The main difference lies in the choice of the weights w;. In the SC approach,
the weights are chosen to minimize the pre-treatment matching errors, whereas in the DID
approach, as this paper shows, the weights are chosen based on the fraction of the group
sizes in the donor pool. The difference originates from two distinct thoughts on how we
extrapolate the observed untreated outcomes to the counterfactual untreated outcomes for
the treated units. The DID method matches the counterfactual mean untreated outcome
to a pre-specified surrogate control group, whereas the SC method relies on the stability of
matching as we move from the pre-treatment to the post-treatment periods.

In this paper, we formalize the complementarity of these two thoughts using a generalized
version of the condition (1.1) that we call Generalized Matching Condition (GMC). More
specifically, let u; ,(0) be a within-group-differenced, mean untreated potential outcome for

IThere are works that use groupwise matching in the SC approach (see Robbins et al. (2017), Xu (2017), and
Sun et al. (2025)). See also Gunsilius (2023) who use quantiles instead of means in groupwise matching.
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group j at time t. For a choice of weights w;, the population-level matching error from
matching to target group 0 is defined as follows:

(1.2) e (W) = 11, (0)— > (0w,
J

where the sum is over the groups in the donor pool. Then the GMC simply says that e,(w) =0
for all post-treatment periods t.? Recent advances in the SC literature inspire various causal
inference methods in this groupwise matching setting, including the classic synthetic con-
trol (SC), synthetic difference-in-differences (SDID), and synthetic control with differencing
(SCD), and as we show later, the GMC captures their key identifying assumptions.’

Within this GMC framework, we focus on the SCD design which applies the SC weights after
performing within-group differencing to eliminate time-invariant individual heterogeneity in
potential outcomes. DID assigns weights based on the relative sizes of groups within the donor
pool. In contrast, SCD chooses weights that best match the weighted average of donor group
outcomes to the untreated outcomes for the treated group, yet this matching occurs only on
the pre-treatment outcomes, not on the post-treatment outcomes. Consequently, SCD suffers
from extrapolation error when the weights that achieve the best pre-treatment match fail
to provide an adequate post-treatment match. On the other hand, DID’s reliance on group-
size-based weights makes it vulnerable to matching error if the surrogate control group is
misspecified. Therefore, the relative performance of SCD versus DID depends fundamentally
on SCD’s extrapolation error against DID’s matching error.”*

We formalize this observation focusing on the setting with point-identified weights. Using
the matching errors e, (w) in (1.2), we define the squared sum of matching errors:

Z e’(w), d=0,1,

teTy

1
SSME;(w) = —
|74l
where 7, denotes the set of pre-treatment periods and 7; that of post-treatment periods. From
this, we construct two quantities that are used to evaluate the choice of the weight vector w:

Matching Error in Regret: MER;(w) = SSME;(w) — iIAlf SSME, (W), and
WEAK_1

Extrapolation Error: AMER(w) = MER,(w) — MER,(w).

2See Shi et al. (2022) for an investigation of primitive assumptions that yield this condition.

3The SDID design was proposed by Arkhangelsky et al. (2021) and the SCD was considered in their comparison
studies in Ferman and Pinto (2021) and Chen (2023). Like other methods, they are distinguished by the way
the weights and within-group differencing method are chosen in the GMC. Details follow below.
“*Extrapolation in the SC literature usually refers to the use of a match lying outside the convex combination of
the outcomes in the donor pool. On the other hand, extrapolation here refers to the use of the same weights
obtained from the pre-treatment fit to produce a surrogate for the post-treatment counterfactual untreated mean
outcome.
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Thus, MER,;(w) measures the matching error in regret form for the choice of weight w,
whereas AMER(w) measures how well the matching error in regret is extrapolated from
the pre-treatment periods to the post-treatment periods. Let wP'® be the population-level

SCD

weights specified by the DID design and w those by the SCD design. Our main result

shows that

DID regret-dominates SCD, if AMER(w®P) > MER;(wP'®) + Ce,, and
SCD regret-dominates DID, if AMER(w>P) < MER,(wP'®)—Ce,,

where €, is a term that vanishes at the parametric rate (with respect to the size of the cross-

sectional units) and C is a universal positive constant. Therefore, the domination of SCD over

DID depends on the relative size of the matching error in regret to the extrapolation error.
One might wonder when the designs of DID and SCD are “equivalent”, in the sense that

wPID — 15D

We demonstrate that this equivalence holds when both pre-treatment and post-treatment
parallel trend assumptions hold simultaneously. This latter condition is implicitly invoked in
practice when researchers use pre-treatment parallel trend tests as supporting evidence for
the post-treatment parallel trend assumption. Such usage assumes that satisfying the post-
treatment parallel trend assumption necessarily implies satisfying the pre-treatment parallel
trend assumption (Kahn-Lang and Lang (2020)).° Under these conditions, our results show
that DID and SCD employ identical weights and therefore rely on the same identifying as-
sumption. Nevertheless, the finite-sample performance of estimates from these approaches
may still differ.

Our complementarity result demonstrates that SCD emerges as a viable alternative to DID
when the parallel trend assumption fails. Unlike approaches that robustify DID against the
failure of the parallel trend assumption (see Manski and Pepper (2018) and Rambachan and
Roth (2023)), SCD is inspired by the SC design and replaces the parallel trend assumption
by the existence and stability of matching weights before and after the treatment.® Just as
the plausibility of the parallel trend assumption has to be examined in the specific context of
application, so does the stable matching weight assumption of SCD.

While SCD has already been considered in the literature (Ferman and Pinto (2021) and
Chen (2023)), the uniformly valid asymptotic inference for the SCD design for the groupwise

>See Bilinski and Hatfield (2019) also for issues with the usual pre-treatment tests and new proposals of tests
addressing them.

®There have been variants of DID that do not require parallel trend assumption. For example, Freyaldenhoven
et al. (2019) considered a linear panel framework where the violation of parallel trends is permitted and iden-
tification is achieved by removing possible confounding through the use of covariates. Kwon and Roth (2024)
proposed an empirical Bayes approach.
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matching setting has not been formally developed to the best of our knowledge. We fill
this gap by applying the uniformly valid inference on the simplex-valued weights in Canen
and Song (2025) and developing estimation and asymptotic inference methods for SCD. Our
Monte Carlo simulations show how the complementarity between SCD and DID manifests in
finite sample performance of the estimators.

To illustrate the usefulness of SCD as a causal inference method, we revisit the empirical set-
ting analyzed in Bohn et al. (2014) and examine the impact of the 2007 Legal Arizona Workers
Act (LAWA) on Arizona’s internal composition. We use CPS data between January 1998 and
December 2009 and exploit its cross-sectional dimension to provide valid confidence inter-
vals for the treatment effects estimated by SCD. Following the authors, we include 46 states
in Arizona’s donor pool that did not implement any similar regulation during the period of
analysis and focus on the population that is most likely to be affected by the policy change:
non-citizen Hispanics. We find that Arizona’s share of this demographic group declined by
2 percentage points after LAWAs enactment on average, consistent with the 1.5 percentage
point reduction reported in Bohn et al. (2014). The average decrease is 1.2 percentage points
larger when looking at Arizona’s proportion of low-educated non-citizen Hispanics among the
population aged 15-45. These results are robust to alternative choices of the pre-treatment
window and differencing parameters in the SCD design.

Related Literature The literature of SC designs and DID designs is vast and fast growing. We
refer the readers to the survey papers by Abadie (2021) for the SC approaches, and de Chaise-
martin and D’Haultfceuille (2023) and Roth et al. (2023) for the DID designs. Here, we will
briefly focus only on some recent studies that attempt to synthesize and/or compare the SC
and DID designs.

Doudchenko and Imbens (2017) presented a unifying framework that encompasses four
major causal inference approaches (SC, DID, matching and regression). Kellogg et al. (2021)
compared SC with matching methods in terms of extrapolation and interpolation bias and
proposed a model average estimator of the two approaches. Arkhangelsky et al. (2021) syn-
thesized SC and DID into what they called SDID (synthetic difference-in-differences). Xu
(2017) assumed a linear factor structure for untreated potential outcomes and proposed
extrapolating the estimated factor loadings and factors to accommodate time-varying con-
founders. In contrast, our focus is on formalizing the complementarity between DID and SC
under short panels without relying on a factor structure.

Our findings contrast with recent work by Ferman and Pinto (2021) and Chen (2023), both
of which showed that SCD dominates DID. Ferman and Pinto (2021) employ a linear factor
model to demonstrate that SCD’s asymptotic mean-squared error dominates that of DID under
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large-|7,| asymptotics. Our analysis differs fundamentally: we impose no linear factor struc-
ture and examine environments with many individuals over short time periods. Chen (2023)
compares SCD and DID through a regret analysis but assumes long time periods, rendering
his results uninformative for our setting. Moreover, Chen’s risk definition assumes treatment
timing is drawn randomly from an approximately uniform distribution. Our analysis takes
the opposite extreme, assuming fully known treatment timing.

Closely related is Sun et al. (2025), who also consider short panels and propose identifi-
cation and inference on the ATT accommodating both DID and SC settings. However, their
parallel trend assumption is strong enough to identify the ATT under any design, whereas
our comparison uses a weaker version sufficient for identification via DID but not necessarily
SC. Also related is Liu (2025), who introduces a synthetic parallel trend assumption similar
to our generalized matching condition. Independently, she found that DID methods can be
viewed as matching with group-size-based weights. Her focus, however, is on the identified
set of counterfactuals and inference thereon, without further restrictions on weights other
than that they sum up to one or simplex-constrained. By contrast, our generalized match-
ing condition is parametrized by weights and time-differencing methods, as our goal is to
characterize the core identifying scheme underlying both DID and SC, two designs that differ
precisely in these choices. The resulting complementarity and equivalence results between
DID and SCD are, to our knowledge, new.

The paper is organized as follows. In Section 2, we provide a basic set-up of causal inference
with groupwise matching and the notion of GMC. In Section 3, we show how GMC provides a
unifying identification scheme that encompasses various causal inference designs. In Section
4, we present a regret analysis that shows how the designs of DID and SCD are complementary
to each other. In Section 5, we provide estimation and inference of the SCD methods and
results on asymptotic theory, followed by the Monte Carlo simulation results. In Section 6,
we present an empirical application. In Section 7, the paper concludes. The mathematical
proofs of the results in the paper are found in the Supplemental Note.

2. Causal Inference with Groupwise Matching

2.1. The Set-Up

We consider a setting with the set N of individuals i, divided into K + 1 disjoint groups.
Let G :={0,1,...,K} be a finite set of group indexes and denote G; = j € G if and only if the
individual i belongs to group j. The individuals are observed over time t € T :={1,2,...,T}.
Each individual belongs either to the treatment group (D; = 1) or the untreated group (D; =
0). All the groups stay untreated until time t = T* > 1, and at time T*, those individuals



with D; =1 are treated. We partition 7 into 7, and 7;, with
To=11,..,T" =1}, and T, ={T%, ..., T}.

The set 7, collects the time periods before treatment occurs and 7; the time periods following
treatment. Hereafter, we call 7, the pre-treatment periods and 7; the post-treatment periods.

The potential outcome of an individual i in time t when the individual is treated is denoted
by Y; (1) and otherwise Y; ,(0). Define the average treatment effect on the treated in period
t as

@2.1) 6; =E[Y;,(1)-Y;,(0)| D;=1].
The observed outcomes, Y; ,, are defined as follows:
(2.2) Yi,t :DiYi,t(l)‘i'(l_Di)Yi,t(O)-

We introduce basic conditions maintained throughout the paper.

Assumption 2.1. (i) P{D; =1} >0 and P{G; =j,D; =0} >0, forall j=1,...,K andi €N.
(i) For each i € N such that D, = 1, we have Y; (1) = Y; ,(0), whenever t < T*.

Assumption 2.1(i) says that each group consists of a positive fraction of individuals in
the population. Assumption 2.1(ii) supposes no anticipation of treatment. It says that each
individual’s potential outcome at time t before the treatment at time s is the same as that when
the person is never treated. As we show in the following example, this setting accommodates
the DID with discrete covariates and the staggered adoption in the DID literature (Callaway
and Sant’Anna (2021), de Chaisemartin and D’Haultfoeuille (2020), and Sun and Abraham
(2021)).

Example 2.1 (Difference-in-Differences with Discrete Covariates). Consider the two-period
DID setting with covariates. Suppose that T = 2 and each individual i € N is endowed with
the discrete covariate X; € {x,, ..., Xx }, and belongs to either the treated group (D; = 1) or the
untreated group (D; = 0). The potential outcomes are given as Y; ,(1) and Y; ,(0) for t =1, 2.
This setting is mapped to the above general setting, by setting G; = j if and only if X; = x;.
The treatment time T* is taken to be the second time, i.e., T*=2. R

Example 2.2 (Difference-in-Differences with Staggered Adoption). In this example, each
group may experience different treatment timing. First, we define D;, as a binary variable
equal to one if group j is treated at time t and zero otherwise. We decompose the group
index set G as follows:

g= {0} U gdona
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where Gy, = {1,2,...,K}. Our focus is on the effect of the first-time treatment of the target
group 0. Let T* be the first time that group O is treated. The groups in G,4,, have not been
treated until after t = T and thus form a “donor pool” for the target group.

We assume that T* > 1. For each individual i € N such that D; , =1 for some t € T, let

T;=min{t €T : Dg , = 1}

be the period in which individual i is first treated. Hence, T; = T* for all i in the target group
0. We set T; = O for an individual who is never treated. We let Y, (s) be the potential outcome
of individual i at time t when group G; is first treated at time 1 < s < T. The quantity Yij‘t(O)
represents the potential outcome of the individual i when never treated.

Our parameter of interest is the average treatment effect on the target group 0:

0 =E[Y(T")—Y(0)| G;=0], fort € 7.
The observed outcomes are given as follows:
(2.3) Y. = Dg, .Y (T;) + (1 — Dg, )Y/, (0).
We consider the following assumptions.

() Y (s)=Y"(0)forall t <switht,s €7 andi €N.
(i) D;; =0forall j€gG,if T = 2.
(iii) Dj,t < Dj,t+1 fOl‘ all] € g and t= 1, veny T—1.

(iv) (@) T; = T* whenever G; =0, and (b) T; = 0 whenever G; € G4,,-
(v) Foreach j € G, P{G; =j} > 0.

Condition (i) is the standard no-anticipation assumption. The next two conditions require
that no group is treated at the initial period (ii) and that treatments arise in a staggered
manner (iii). Furthermore, (iv) stipulates that T* is the first time group O is treated and that
the donor pool groups remain untreated through period T, while (v) ensures that each group
has a positive membership probability. Note that under Condition (iii), D , = O indicates
that individual i has not been treated by time t, whereas D; . = 1 indicates treatment at or
before time t.

Now, we show how this setting maps to the general setting above. We define
D; =1{G; =0}, foralli e N.

In this case, individuals with D; = 1 represent people belonging to group 0, while those with
D; = 0 correspond to people who belong to groups that remain untreated until after T. Then,
we set Y;,(1) =Y;,(0) = Yijkl(O) forallieN. And, for1 <t €T, we set

Y. (1)= Y:‘t(Ti) and Y; ,(0) = Yl.’,"t(O), foralli € N.



Hence, for t € 7;, we can write
9: = E[Yi,t(l)_Yi,t(O) | D; = 1]-

Furthermore, the observed outcomes, Y;,, defined in (2.3) coincide with those defined in
(2.2), foralli € N and t € T. It is not hard to see that Assumption 2.1 is also satisfied. B

2.2. Generalized Matching

The causal effect of a treatment in an experimental setting is captured by the difference in
outcomes between the treated and control groups. In a non-experimental setting, a control
group is not available, which requires constructing a comparison group as a surrogate for
the control group. This approach is valid only if the outcomes of the comparison group are
“matched” to the counterfactual untreated outcomes of the treated group.

To express this idea, for each j € G,,,, and t € T, define

m(0) =E[Y;,(0)| D;=1] and m; (0) =E[Y;,(0) | D; =0, G; = j],
and their observed counterparts:
mo, =E[Y,,|D;=1] and m;, =E[Y,, | D;=0,G, =j].
Let Ay, C R be the simplex in Rl Given A = (4,),cy, € A1y, and j € G, we

introduce a within-group A-differencing of m; (0) and m; , as follows:

.uj,t(OQ A)= mj,t(o) _Z mj,s(o))('s and Uj,t(l) =m;, _Z mj,s)('s'

S€Ty s€Ty

One example is to subtract the most recent pre-treatment potential outcome so that
.7 DIDy _
(2.4) .Uj,t(O, AZE) = mj,t(o) —Mmj e (0),

where AP'® = 1{s = T* —1}. This differencing is adopted in the DID designs of Callaway
and Sant’Anna (2021), Sun and Abraham (2021), and de Chaisemartin and D’Haultfceuille
(2020). Another example is the uniform differencing
302 = 1y (0) = = >y (0),
ol 57,

where Ag“if = 1/|7,| (see Wooldrige (2021) and Lee and Wooldridge (2024) for DID applica-
tions and Arkhangelsky et al. (2021) and Chen (2023) in the SDID and SCD designs).

For each w € Ag_;, A € A, and t € T, we define a between-group w-differencing of
the A-differenced average potential outcomes as follows:

K
e (A, w) = 1, (0; 1) = D (05 A)w;.

Jj=1
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We call the quantity e, (A, w) the matching error from matching u, ,(0; A) with a weighted
average of group means y; .(0; A) in the donor pool.

Definition 2.1. Let A € A |, be given.
(i) For w € Ag_,, we say that Generalized Matching Condition (GMC) holds at (A, w), if

e, (A,w)=0, forall t € T;.
(ii) We say that Stable Matching Condition (SMC) holds at A, if for some w € Ag_;,

e,(A,w)=0, foralltT.

Suppose that GMC holds at (A, w). This means that we can transfer the w-weighted average
of the expected untreated potential outcomes in the donor pool (after the within-group A-
differencing) to the corresponding counterfactual quantity in the target group. To see the
role of GMC in identifying 6%, we decompose the target parameter 6" as follows:”

(2.5) 07 = 0,(A, w)—e (A, w),

where

K
0.2 W) = o, (W)= D s (Mw.

j=1

Once we invoke GMC at (A, w), we obtain the following identification:
(2.6) 0" =0(1,w),
where

O(A,w)=[07.(A,w),...,0:(A,W)].

As we will see later, many causal inference designs are distinguished by how A and w are
specified. Due to the use of groupwise matching, the estimand 6(A,w) depends on the
individual-level observations only through the group averages m;,. Hence, the causal in-
ference framework accommodates both repeated cross-sections and panel data.

2.2.1. Generalized Matching Conditions under a Linear Factor Model. The literature of-
ten specifies the potential outcomes as a linear factor model to analyze a causal inference
method (see Abadie et al. (2010), Xu (2017), Ferman and Pinto (2021), Arkhangelsky et al.
(2021)). While our results do not rely on a linear factor model, it is interesting to study the
implication of this model for GMC.

The proof is simple and found in the Supplemental Note.
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Consider the untreated potential outcomes specified as a factor model:
(2.7) Yi,t(o) = A;Ft + Eit and Yi,t(l) = Yi,t(o) + Tits

where A; € RM denotes the factor loading of individual i, F, € RM, the factor at period t,
&; ., idiosyncratic components, and 7, , denotes the time-varying, heterogeneous treatment
effects. We assume that D; = 1 if and only if G; = 0, so that there is a treated group G; =0
and all other groups are control groups. The number M represents the number of factors. As
for the factor model, we make the following assumption.

Assumption 2.2. (i) The factor loadings, A;, i € N, are i.i.d.
(ii) The factors, F,, t € T, are constants.
(iii) Foreachie N and t € T, E[¢; , | G;] = 0.

The condition (ii) is motivated by the data structure of our setting where our observations
span over only a short period. Hence, the distribution of the factors is not consistently es-
timable even if the factors are observed (see Kuersteiner and Prucha (2020)). The rest of
the analysis carries over to the case of stochastic factors, once we replace probabilities and
expectations by conditional probabilities and conditional expectations given the factors.

We introduce the A-differenced versions of the factors:

F(A)=F,— > FA,

S€Ty
and collect them into a matrix, F(A) = [F;.(A), ..., F;(A)]. Then, it follows that when F(A)
is full row rank, the GMC holds at some (A, w) if and only if the GMC holds at (1, w) for all
Ae A|r|-1- Hence, the choice of A in the A-differencing does not matter for identification, as
long as the GMC holds at some A. We formalize this into the following proposition.

Proposition 2.1. Suppose that Assumption 2.2 holds and let A € A,y and w € Ag_;.

(i) GMC holds at (A, w).
(ii) GMC holds at (A, w) for all Ae Ajr -1
(ii1)

K
(2.8) E[A | G, =0]= ) E[A| G = jlw,.

j=1
Then, (iii) = (ii) = (i). If, furthermore, F(A) is full row rank for some A € A\r|-1, then the
three statements are equivalent for all w € Ag_;.

The full row rank condition for F(A) requires that M < |7;|, that is, the number of the
factors is less than the number of the post-treatment periods. This condition is immediately
satisfied in the case of a single-factor model. The full rank condition is not required for
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identification of 8" once (2.8) is satisfied for some (A, w). However, if the full rank condition
holds, we have

0*=0(A,w)forall A e A1

i.e., 0" is overidentified. For the identification, the researcher does not need to specify the
within-group differencing, A, that satisfies GMC.

3. Causal Inference Methods using Generalized Matching

In this section, we show how GMC is used as key identifying restrictions in various causal
inference designs. We classify them into two categories, one using GMC with weights based
on group sizes and the other using GMC with weights based on pre-treatment fit.

3.1. Matching with Weights Based on Group Sizes

3.1.1. Randomized Controlled Trials. First, note that the design of randomized control
trials (RCT) can be viewed as a degenerate example of GMC, where we do not have the
initial period of no treatment, i.e., | 7,| = 0. The design assumes that the potential outcomes
are independent of the treatment status and yields the following form of GMC at (0, 1):

e;(0,1) =E[Y;,(0) | D; = 1] —E[Y;,(0) | D; = 0] = 0.
The parameter 0 is identified as
9; = 91(0> 1)= E[Yi,l | D; = 1] _E[Yi,l | D; = 0].

3.1.2. Unconfoundedness Condition with Discrete Covariates. Consider the unconfound-
edness condition on discrete random vector X; with support {x, ..., Xg}:

(¥;(1),Y;(0)) LL D; | X;.

Our object of interest is the ATT, 6] = E[Y; (1) —Y;,(0) | D; = 1]. We take G; = j if and only
if X; = x;. The unconfoundedness condition, together with the overlap condition, P{D; =1 |
G; = j} > 0 for all j, yields the following:

0=E[Y;,(0)| D, =1]—E[E[Y;;(0)| D;=0,G,]| D, =1]

K
=E[Y,,(0) | D, =1]— > E[Y;,(0) | D, = 0,G,; = jIw¥,
j=1

where
(3.1) wf:P{Gi:leizl}.

The identifying assumption is essentially GMC at (0, w®) with w® = (wf).
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3.1.3. Difference-in-Differences. First, consider the two-period setting T = 2 of the classic
DID, where Y; (d) denotes the potential outcome at time t = 1,2 at the treatment state
d € {0, 1}. We consider the following form of the RCT after within-group differencing:

Y;.(0;4) 1L D;,
where Y; ,(0; 4) = Yi,t(O)—ZseT0 A;Y; (0) and A = 1 (since | 7| = 1). This yields the following
parallel trend assumption:
0=E[Y;.(0;4) | D; = 1]—E[Y; ,(0; 1) | D; = 0]
=e,(A,1)=¢,(1,1).

Thus, the parallel trend assumption is nothing but the GMC at (1, 1).

3.1.4. Difference-in-Differences with Discrete Covariates. We consider the two-period set-
ting as before, but consider the following form of the unconfoundedness condition instead:®

Yi,t(O; A) 1L D; | X;,
with X; € {x4, ..., xx} being a discrete random vector. As before, if we let G; = j if and only if
X; = x;, this condition, together with the overlap condition, yields GMC at (4, w©) as follows:
0 =E[Y; (0;4) | D; = 1]~ E[E[Y; ,(0; 1) | D; = 0,G;]| D; = 1]
=e, (A, w®) =¢,(1,w"),

where wt = (wf) with W]C defined in (3.1).

3.1.5. Difference-in-Differences with Staggered Adoption. We consider the staggered adop-
tion setting of Example 2.2. We show that GMC characterizes the key identifying assumptions
in the DID settings. Let us consider the parallel trend assumptions (PTA) used in the liter-
ature. Let AY; (0) =Y;,(0)—Y;,,(0), for t € {2,...,,T}. Consider the two types of PTA as
follows.

PTA-I: E[AY,(0) | G; = 0] = E[AY; ,(0) | G; € Gyop ], for all t € 7.
PTA-IL: E[AY, (0) | G; = 0] = E[AY,(0) | G; = j], for all t € T; and j € Gggp.

PTA-I states that the average of the untreated potential outcomes of group 0 and those
in its donor pool would have evolved in parallel in the absence of treatment (Callaway and

8The unconfoundedness condition for within-group differenced outcomes was studied by Heckman et al. (1997).
They showed the efficacy of the differencing using Job Training Program Act (JTPA) data. See Smith and Todd
(2005) for a similar observation using National Supported Work (NSW) data.
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Sant’Anna (2021)). PTA-II is a stronger version of PTA-I, imposing parallel trends of un-
treated outcomes across all groups (similar to the exogeneity condition in de Chaisemartin
and D’'Haultfeeuille (2020) and Sun and Abraham (2021)).

The following result shows a close connection between the PTA and the GMC.’

Proposition 3.1. Suppose that Assumption 2.1 holds, and let

DID _ ,,,DID DID
woP =[w!, LWl T,
where
(3.2) wi'® = P{G; = | G; € Gon}-

Then, the following statements hold.
(i) PTA-I holds if and only if GMC holds at (AP'°, wP'P)
(ii) PTA-II holds if and only if GMC holds at (AP'®,w) for all w € Ay_;.

This proposition shows that the PTA is represented as GMC. Thus, the target parameter *
is identified as (AP'®, wP'P) under either PTA-I or PTA-II. Instead of choosing the weight w
based on the pre-treatment matching of the potential outcomes as in the SC design, the DID
design simply chooses the weight w to be the group size-based one wP'® in (3.2). Under the
stronger version PTA-II, the choice of the weight w is irrelevant, as GMC holds for all weights.

It is interesting to note that the identification scheme (2.6) is related to the proposal by
Sun et al. (2025).'° The unconditional version of their model (without covariates) involves
PTA-II, which is equivalent to GMC at (AP'®, w) for all w € A,_;, and the SC assumption
which is tantamount to SMC at 0, with w°¢ identified as the weight w satisfying e,(0, w) = 0
for all t € 7,. It is not hard to see that both PTA-II and the SC assumption imply GMC at
(AP'P, w5C). Hence, we can identify 8* as 8 (AP'®, w°¢) when either PTA-II or the SC assump-
tion holds. This is the essence of their doubly robust identification of the ATT in Sun et al.
(2025). However, PTA-II is stronger than PTA-I and the latter is enough to identify the ATT
in the DID design.

3.2. Matching with Weights Based on Pre-Treatment Fit

The literature of SC inspires various causal inference methods in the groupwise matching
setting. These methods are distinct from the previous methods, as they rely on GMC with

°The connection between PTA and GMC can be viewed as an extension of the observation in Doudchenko and
Imbens (2017) to the setting of multiple donor groups. See Liu (2025) for a related result.

105un et al. (2025) also considered conditioning on covariates, and for estimation, proposed using an estimated
weight w>C that is not restricted to the simplex Ag_,. For brevity, we do not consider conditioning on covariates
throughout the paper and focus on the main conceptual difference between the two approaches of DID and SCD.
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weights based on the pre-treatment fit of the outcomes. For the following examples, we focus
on the setting of staggered adoption in Example 2.2 and Section 3.1.5.

3.2.1. Synthetic Control. The synthetic control method applied to the setting of groupwise
matching identifies

K
07 =E[Y,, | G,=0]— > E[Y,, | G, = jlwi(0),

j=1

where w*(0) = [w}(0), ...,w}(0)]’ is a minimizer of Q(w) over w = [w,...,wg] € Ag_;, with

T*—1 K 2
Q(w) = Z (mo,t —Z mj’twj) :
j=1

t=1
This identification scheme relies on GMC holding at (0, w*(0)).

The choice of w*(0) is motivated as follows. First, consider the weight ij(O) that gives the
population-level perfect pre-treatment matching: for all t € 7,

K
(3.3) E[Y,, | G, =0]= > E[Y,,| G, = jlwi(0).
j=1

Then, we assume that the same weight w;f(O) yields the perfect post-treatment matching as
well, i.e., (3.3) holds for t € 7;. In other words, the SC design relies on SMC at 0.

3.2.2. Synthetic Control with Differencing. The synthetic control with differencing (SCD)
applies the SC design after applying a within-group A-differencing of the potential outcomes
(see Chen (2023) and references therein). Let A be a researcher-chosen differencing method.
For example, one may choose A = AP'P or A", Define Q : A7 -1 X Ag_; — Ras follows:

T*—1

K 2
(3.4) QW)= > (uo,t(A)—Zuj,t(x)wj) ,
j=1

t=1

and choose w*(A) as a minimizer of Q(A,w):

(3.5) w*(A) € argminQ(A, w).

WEAK_1

Then the SCD design invokes GMC at (A, w*(A)) and identifies 6, as follows:

0; = 0,00, W (X)) = o, (W) — D1y, (WA,

=1
The GMC at (A, w*(A)) requires that the weight w*(A) that achieves the optimal pre-treatment
matching delivers the perfect post-treatment matching.
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Again, the choice of w* can be motivated in terms of SMC. We first consider w}f(l) such
that

K
Bo, (M) =D (WA,
j=1
for t € 7,. Then, the SCD design assumes that this weight W}?(A) delivers the perfect post-
treatment matching as well, i.e., SMC holds at A.

3.2.3. Synthetic Difference-in-Differences. Arkhangelsky et al. (2021) developed the syn-
thetic difference-in-differences (SDID) method, which integrates the synthetic control ap-
proach with the difference-in-differences design. While their original framework targeted a
data structure different from our groupwise matching setting, the core idea of SDID can be
adapted to this setting.

To facilitate the comparison, suppose that our target parameter is the same as before 6*.
Consider the time-differenced version of the population objective function in Arkhangelsky
et al. (2021):

(3.6) QW)= (Z {uk,s(x) -2 uj,s(x)wj}) .

k=1 \s€T;

We let A“"f and w""f be the uniform weights given by As“”if =1/|7,| and W;‘”if =1/K. Then,
the identification strategy of the SDID can be formulated as follows:

9: — Qt(l*(wunif)’ W*(A’unif))’
where

(3.7) A*(w) = argmin Q(A, w).
ACA T 11
Thus, the identification strategy invokes GMC at (A*(w“"f), w*(AU"if)).!!

Note that unless A'"f = A*(w""f), the SDID design is not reduced to the SCD design in
terms of GMC. More specifically, we cannot motivate the weight w*(A""f) using SMC. This is
because the within-group differencing used for the pre-treatment matching (A“"*) is different
from that used for the post-treatment matching (A*(w""f)). Since the within-group differenc-
ing changes after the treatment, we cannot say that SDID extrapolates the weight from the
pre-treatment fit to the post-treatment periods like SCD. In other words, SCD and SDID are
distinct designs.

"Here the optimization problems defining A*(w“™f) and w*(A“"f) are equivalent to those proposed by
Arkhangelsky et al. (2021) without regularization.
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TABLE 1. Generalized Matching Conditions of Causal Inference Methods

Research Designs Generalized Matching Conditions

Using Weights Based on Group Sizes

RCT GMC holds at (0,1)
Unconfoundedness GMC holds at (0, w©)
DID with Two Periods GMC holds at (1,1)

DID with Two Periods and Discrete Covariates GMC holds at (1, w®)
DID with Staggered Adoption under PTA-I GMC holds at (AP'P, wP'P)
DID with Staggered Adoption under PTA-II GMC holds at (AP'P w), for all w € Ag_;

Using Weights Based on Pre-Treatment Fit

SC SMC holds at 0 = GMC holds at (0, w*(0))
SCD SMC holds at A = GMC holds at (A, w*(1))
SDID GMC holds at (A*(w""), w*(Aunify)

DID _

Notes: The table shows how GMC is used for various causal inference methods. Here, recall that w;
P{G;=j|G; € Gy}, AP'P = 1{s = T* —1}, wJ“."if = 1/K and A" = 1/(T* — 1), and w*(1) and A*(w) are
the solutions to the optimization problems in (3.5) and (3.7), respectively. The SCD method is based on the
researcher-determined A, for example, either A = AP'® or A = AU"f. Note that while the DID method adopts
the identified quantities wP'P and AP'P directly, the SC, SDID and SCD methods need to invoke rank conditions
to identify w*(A) and A*(w).

In summary, the major causal inference designs invoke different types of the GMC. Each
type involves a choice of a differencing method (1) and the groupwise matching weights (w).
Table 1 summarizes the comparison of the designs in terms of GMC.

4. A Comparison Between DID and SCD

4.1. Extended Parallel Trend Assumption

In this section, we compare the two approaches of DID and SCD in the setting of staggered
adoption. To facilitate the comparison, we introduce an extended form of PTA. First, for each
t € T, we define

eP'P(1) = E[Y; (0; 1) | G; = 0] —E[Y; ,(0; 1) | G; € Gy ], and
eX°(A) =E[Y;,(0; ) | G; = 0] —E[Y; (0; 1) | G; = j], for j € Gyon-
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The quantities eP'D(A) and e?t'D(QL) represent matching errors from matching the A-differenced
average potential untreated outcome for the target group with that from the donor groups.
Then, we consider the two types of PTA involving within-group differencing A € A1 |_;.

PTA(A): etD'D(A) =0, forall t € T;.
PTA-U(A): eP°(2) =0, for all j € Gy, and for all ¢ € 7y.

The following proposition shows their connection with the PTA used in the literature.'?

Proposition 4.1. (i) Suppose that e?l?l(k) = 0 holds for some A € Ar.|_. Then, PTA-I holds
if and only if PTA(A) holds.

(ii) Suppose that for some A € A3, eE'T?_l(A) = 0 holds for each j € Gg,,. Then, PTA-II
holds if and only if PTA-U(A) holds.

DID
j,Te—1

PTA-1 & PTA(AP'P) and PTA-II & PTA-U(AP'P).

Certainly, we have e (AP'P) =0 for all j € G,,,. Hence, we have

On the other hand, PTA(A) and PTA-U(A) allows other choices of A. The comparison results
below apply to such A’s. From here on, we focus on PTA(A).

4.2. Regret Analysis

In this section, we compare the research designs of DID and SCD in terms of regret in the
staggered adoption setting in Example 2.2. Let P be the collection of the distributions of
the variables under consideration. We fix a within-group differencing A € A7_; such that
e?,!?l(l) = 0. To facilitate the comparison, we introduce the squared sum of matching errors
(SSME): forwe Ax_;and P € P,

1

SSMEd’p(W) = |7_ |
d

Z ef(?t, w), d=0,1.

teTy

We make explicit its dependence on P € P through the matching errors e,(A,w). Then, we
define the matching error in regret (MER) and the extrapolation error of MER, respectively,

MER;(w) = sup {SSMEd,P(wP) — iIAlf SSMEdP(w)} , and
pepP WEAK_ ’
AMER(w) = MER,(w) — MER,(w),

where W = (Wp)pep. The quantity MER;(w) captures the matching error of the weights w,
P € P, in the maximal regret form, whereas AMER(w) measures the stability of the MER as

12This result also suggests that when DID is used under PTA-I, the target parameter is overidentified using
PTA(A), for any A satisfying e%'?l(?t) = 0. Chen et al. (2025) proposed semiparametrically efficient estimation
of ATT under overidentifying restrictions in PTA-U(A) with covariates.
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we move from the pre-treatment regime to the post-treatment regime. We tend to have small
AMER(w) if the post-treatment matching errors are close to the pre-treatment matching
errors. Thus, we call AMER(w) the extrapolation error, which essentially captures an error
that arises from extrapolating the weight optimized for the pre-treatment data to the post-
treatment outcomes.

We compare SCD and DID in terms of MER. We define the population version of the weights
by DID and SCD: for each P € P,"

wf,CD = avfegg,ifl SSME, p(w),

DID _
and w, "~ =[w

DID
1Lp 2o

DID :
Wep " with
DID ._ Yuien PG =}
WjP = .
’ ZieNP{Gi € Ggon}
We define wP'® = (wh'P),, and w>P = (W3P),p. The SCD invokes the Stable Matching
Condition (SMC) and DID the Parallel Trend Assumption (PTA). These assumptions can be

formulated in terms of the matching errors:

4.1)

(4.2) PTA(A) < SSME, p(wP'®) =0 for all P € P.
= MER,(wP'P) =0.
SMC(A) < For some w, MER,(w) = 0 and MER,(w) = 0.
= AMER(W>“P) =0,

where SMC(A) denotes that SMC holds at A. Thus the DID design fails if MER,(wP'®) # 0
whereas the SCD design fails if AMER(W>P) # 0. We will now formalize this complemen-
tarity in terms of maximal regret.

For a concrete analysis, we define the sample analog estimator of m; , and u; ,(4) as follows:

\ 1 " . \
(4.3) m;,=— Z Y., and (; (X)) = h; , — Z ;s As,
r=n €T

where n; denotes the number of individuals in the sample belonging to group j. Then, given
within-group differencing A and a choice of data-dependent weight w, we can estimate 6 as
follows:

K
(4.4) 0., W) = o, (M) — > iy (A,

j=1

SCD

By fact, when the minimizer w*(A) in (3.5) is unique, the definition of w p

uniqueness for this regret analysis.

coincides with w*(A). We assume
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Thus, the selection between the DID and SCD designs boils down to choosing the matching
weight w.
We define the weight WP'® for the DID design as follows: wP'® = [wP'P, ., wP'P] with

W?'D defined as the sample version of WJDI',D in (4.1):

APID . ZieN HG; =} ’
/ ZieN 1{Gl € gdon}
~DID

The sample weight W'~ represents the sample fraction of individuals in group j relative to

for j € Gyon-

the total units in the donor pool. The DID design suggests estimating 6 as 6,(A, wP'®). When
A = AP'P this estimator can be viewed as a special case of an estimator proposed by Callaway
and Sant’Anna (2021) without covariates. When K =1 and T* = 2 (i.e., the two periods and

two groups setting), A and wP'P are equal to one, so we obtain

ét(l, VAVDID) = A?1 - A?o,

where AY ; denotes the first difference average outcomes for the group with treatment status
d =0, 1. Thus, we can view 8,(A, WP'P) as an extension of the standard DID estimator of 0;
to the case with more than two periods and groups.

The SCD design uses the weight W°P defined as

2
. 1 . <
Ww>P e argmin WZ(MOJ(A)_Z“J'J(MWJ') .
0 j=1

WEAK_ teTy

Ccbh

Hence, the weights w°“P are chosen to minimize the sample version of the pre-treatment

SSME. The SCD design suggests estimating 6" by

K
4.5) 0. (A, wSP) = g, (M) = > (WIS,
j=1
Notice that the SCD estimator, 6,(A, W3P), and the DID estimator, §,(A, wP'P), differ only by
the choice of the estimated weights for the donor pool.
To build a decision-theoretic comparison between different research designs, we introduce
the average squared error loss from estimating 6, by ét(l, w):

ﬁZ (6: =6, w)’.
1

teT;

61("?/) =

We define the maximal regret associated with the choice of w:

MaxRegret(w) = sup {Ep [{;(W)]— inf E, [El(VT/(Z))]} )
pPep WED
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where D is the set of Ay_;-valued functions that are measurable with respect to Z and the
random vector Z represents the vector of all the observed random variables.'* We compare
the DID and SCD designs in terms of their maximal regrets.

We introduce assumptions used for the regret analysis. Let Y;*(s) = (Yii (s))ier and V" =

(Y:*(s))serui0}-

Assumption 4.1. The random vectors, (Y%, G;), are independent across i € N, under each
PePp.

This assumption requires that the variables be independent across the cross-sectional units.
This condition allows for arbitrary dependence between the potential outcomes across differ-
ent treatment timing or the time periods. The framework allows for both the settings of
repeated cross-sections and panel data. It also allows for factor models for the potential
outcomes; we can simply take the factors to be constants.

Assumption 4.2. There exist constants 7, > 0, m > 1, and 0 < ¢ < 1, such that for all j € G,
t € T and s € T U{0}, we have

1

4 =il<mt inf = =il >
(4.6) Ps‘is’ﬁff;lEEme(s) |Gi=j]l<m" and ;ggn;P{Gl Jj} = 7o,
and
(47) gg};lmin (F}/)FP) = Cl%l:

where T} is the |7;| x K matrix whose (¢, j)-th entry is given by u; (A).

The condition (4.6) in Assumption 4.2 requires the existence of uniform upper and lower
bounds for the fourth moment of potential outcomes in each group and the probability of the
group membership, respectively. The condition (4.7) says that the time-paths of the within-
group differenced mean outcomes are not linearly dependent. This condition requires that
|75l = K and ensures that wP is identified.

The theorem below presents the regret-comparison result between the DID and SCD de-
signs.

Theorem 4.1. Suppose that Assumptions 4.1-4.2 hold. For each n > 1, let
K+Dm [ 1 Ll ( non)
€n = exp|——— | ¢,
" c Tov/N T2n P78
where m, 1, and c are the constants in Assumption 4.2. Then, there exists a universal constant
C > 0 such that the following statements hold for all n > 1.

4The expectation Ep [£;(W)] is with respect to the distribution of both w and £;(-).
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() If AMER(W>“P) > MER,(wP'®) + Ce,, then,
MaxRegret(#w°P) > MaxRegret(wP'P).
(ii) If AMER(wW°P) < MER,(W"'®) —Ce,, then,
MaxRegret(#w°P) < MaxRegret(wP'P).

The result shows that the DID design regret-dominates the SCD design if and only if the
extrapolation error of the SCD design dominates the post-treatment MER of the DID design
up to a term that vanishes at the parametric rate 4/n.

The DID design specifies the matching weights to be the group size-based weights, and
hence does not need to invoke extrapolation of weights from the pre-treatment fit. On the
other hand, the SCD design obtains the weights that exhibit a best pre-treatment fit, and
extrapolates the weights to the post-treatment periods. The comparison shows when the DID
design or the SCD design is appropriate or not. The DID design is not appropriate in a setting
where it is doubtful that the relevance of each group in matching is proportional to the size
of the group, whereas the SCD design is not appropriate if the relevance of the groups in
matching is not stable before and after the treatment.

4.3. Equivalence of DID and SCD

One might wonder when the DID and SCD designs are equivalent in terms of GMC. The
analysis in (4.2) gives an answer. Let us introduce pre-treatment PTA with within-group
differencing A as follows:

Pre-treatment PTA(A): e?'°(1) =0, for all t € 7.

Then, following the same arguments in the proof of Proposition 4.1, we can show that the
pre-treatment PTA(A) is equivalent to the following:

Pre-treatment PTA-I: E[AY;,(0) | G; =0]=E[AY;.(0) | G; € Gyo,], for all t € T\ {1}.

Thus, Pre-treatment PTA-I refers to the parallel trend assumption that holds for the pre-
treatment periods. Now, suppose that both the PTA(A) and the pre-treatment PTA(A) hold.
This implies that

MER,(w"'®) = MER,(wP'P) = 0.
On the other hand, by the definition of w>“P, we have
MER,(w°P) = 0.

Since there is a unique w such that MER(w) = 0 by (4.7) in Assumption 4.2, we must have

w>P = wP'P_ We formalize this into the following proposition.
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Proposition 4.2. Suppose that Assumptions 4.1-4.2 hold, and the PTA(A) and the pre-treatment
PTA(A) hold. Then,

Hence, the DID and SCD designs are equivalent in terms of GMC.

The result shows that when we use the same differencing method for both DID and SCD
designs, and the PTA holds at all periods, the two designs are equivalent in terms of GMC.
For the identification of the ATT, we do not require the pre-treatment PTA. However, it is
a common practice to perform a pre-trend PTA test to assess the plausibility of the post-
treatment PTA. This procedure is valid only if PTA implies the pre-treatment PTA. Then, the
proposition says that under this implication, if the DID identifies the ATT through the post-
treatment PTA, this means that the weights used by the DID are exactly the same as the
weights chosen by the SCD. Hence, both designs are equivalent in terms of GMC.

Now, when the post-treatment PTA fails, the equivalence between the DID and the SCD
breaks down, and the SCD can be an alternative to the DID design. The GMC for the SCD
emerges as an alternative identifying assumption replacing PTA.

5. Inference for Synthetic Control with Differencing

We saw that the SCD can serve as an alternative to DID when the parallel trend assumption
fails. To the best of our knowledge, the estimation and inference methods for SCD in our data
structure have not been developed. Thus, we present the methods here together with their
asymptotic properties. The proofs of the results are found in the Supplemental Note.

5.1. The Sampling Process and Estimation

5.1.1. The Sampling Process. In this section, we explain the sampling process that links
the population objects to the sample. As for the population objects, we first assume that the
random vectors, (Y}, G;), are i.i.d. across i € N, under each P € P. Let P; . be the conditional
distribution of Y; , given G; = j, and let p; = P{G; = j}.

For each t € T, we first draw G, , € G, i.i.d. across i € N,, with probability P{G; , = j} equal
to p; for each j € G. Then, we draw Y; ,, i € N,, i.i.d. from the conditional distribution P; ,.
By the sampling process, for each t € T, and i € N,, we have

m;. = E[Ylt | Gi,t =jl
We let N = UZ=1 N, and n = |N|. We also define N;, ={i € N : G;, = j} and n;, = N, ,|.

This sampling process accommodates the empirical setting where the size of cross-sectional
units varies over time. It also accommodates both balanced or unbalanced panel settings and
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repeated cross-sections. In the balanced panel setting, we have N, = N for all t € 7, and
assume that the random vectors

[(Yi,li Gi,l); sees (Yi,T> Gi,T)]

areii.d.acrossi € N, whereas in the repeated cross-sections setting, we assume that (Y; ;, G; ,)
are i.i.d. across i € N, and independent across t € 7.
For estimation and inference, we fix within-group differencing A € A|7.|_; and assume that

we are under SMC at A so that we have

K
(5.1) po, (M) = Dy (A)w;,

j=1

for all t € T, for some w € Ay_;. Thus, SCD recovers this weight using (3.5)."

5.1.2. Estimation. First, we consider a setting where 0* is identified. Since 6* is equal to
0 (A, w*(A)), the identification of 8" boils down to that of w*(A). We simply write

.aj,t = .aj,t(l),
where (i; (1) is defined in (4.3). We propose the following estimator of the weight w*(1):

Ww(A) = argmin Q(A,w),

WEAK_
where, with &, = [{; ,, ..., (k. ],
T*—1
OO W) = (B0 — ).
t=1

Lastly, we consider the following estimator for the target parameter 6

(5.2) 0.(W(A)) = fio, — Pz W(A).

Then, we can show that our estimators for the weight w*(A) defined in (3.5) and the target

parameter 6" are 4/n-consistent.

Theorem 5.1. Suppose that Assumptions 2.1, 4.1 and 4.2 hold. Then, forallt € T;, asn — 090,
W(A) = w*(A) + 0,(n"2) and 6,(W(Q)) = 6,(A, w* (1)) + 0p(n~ V).

I5Note that SCD extrapolates the weight obtained from the pre-treatment matching to the post-treatment pe-
riods. It appears strange that the weight that did not give a perfect pre-treatment matching now achieves a
perfect post-treatment matching. Hence, we assume that the weight gives a perfect matching on both pre- and
post-treatment periods, i.e., SMC at A.
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5.2. Inference

We consider statistical inference on vector 8* without assuming its point-identification,
adapting the proposal of Canen and Song (2025) to our setting.

First, we construct a confidence set for w*(A). Define

1 T*—1 1 T*—1
H= A and h = fl,
T*—1; ‘ T*—1; ‘

where H, = {1 f1, and h, = (o, 0. Let
pw) = Aw—h and ¢p(w) =Hw—h.

Let B =[1/vK,B,] be the K x K orthogonal matrix B such that B'B = Iy and BB, = Ix_,,
where 1 denotes the K-dimensional vector of ones.'® Note that B, is a K x (K — 1) matrix.
First, note that for eachi € N and t € 7,

A 1
Vs — ) = —= > 4bij, +0p(1), as n— 00,
ﬁ iEN
where ;;, =}, — ZSGTO A7 with'”
. n 1{G',t =j}
= L Ty ),
n, j

For notational brevity, we define

T*-1 K
1
1 Z upyj, and z;(w) = ijzij — Zjo-
(=1 j=1

P

ij = T+

Using this, we find that
VB, (o(w) — pp(w)) =4 N(0, Vp(w)),

where Vp(w) = B Varp (z,(w))B,. Let us estimate V,(w) by V(w) as follows: with &, =

1 T*—1 A o K A W
T+ —1 Zt:] Mtwij,t and 2;(w) = ijl W;Zij — %0,

(5.3) ¥(w) =B, (% > %i(w)é;(w)) B,,

iEN

16The matrix B, can be computed as follows. First, we obtain a spectral decomposition: I, —11'/K = UDU’,
where 1 denotes the K-dimensional vector of ones. From this, we set B, to be the K x (K — 1) matrix after
removing the eigenvector from U that corresponds to the zero diagonal element of D.

7In the case of a balanced panel setting with N = N, and Giy =G forall t € T and i € N, we have ¢;;, =

1{Gi,c = j}(yi,t - Mj,f)/Pj; with Yie =Y, _Zse'ﬁ, AsYi,s-
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where 1);; , is the same as 1);;, except that p; and m;, are replaced by p;, = n;,/n, and
ﬁlj,t = (1/nj,t)2ieNj’t Y,

When the sample is repeated cross-sections, the observations are independent across time.
In this case, we can obtain sharper inference by modifying V(w) as follows:

A =N K ) R 2
(5.4) Vre(W) = T+ —1 Z {HZ (Z lel)jj,t - ?O,t)

t=1 ieN \j=1

/ 'a"a/ - A A =/ * - =/
XBZ(ﬁ_kt(Wﬁ‘MM)"‘(T —1)7@#@)32},

where

A n 1{G;, =j} 1 =
o=———F——(Y;,,—m;,)and 1= (i, .
Vo= g W) and b= g D

For each w € Ay_,, define'®
(5.5) #(w) = argmin (Hw—h—r)B,V ' (w)B,(Aw—h—r),
where the minimization over r is under the constraint that w'r =0 and r > 0. We define

b

d(w) = |{] =1,..,K:7;(w)=0and w; = O}

where
P(w) = B,V (w)B,(Aw — h — ().

We set &;_,. ,s(w) to be the (1 —«)-th quantile of the y? distribution with degrees of freedom
equal to

(5.6) k(w) := max{K —1—d(w), 1}.
Then, the confidence set for w*(A) is given by

Cry ={we Agy 1 Tye(W) < & pe(W)},
where

Toe(w) = n(Hw — h — #(w)) B,V (W)BL(Aw — h — #(w)).

18Due to the constraint, we have #(w) = 0 if all entries of w are positive. Hence, we perform the numerical
optimization only if some of the entries of w are zeros.
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Algorithm 1 Computing Confidence Intervals for 6;: Bonferroni Method

Input: Consistent estimator Ww(A) of w*(1), &,(Ww(A)) and V(w(1)).
1: Draw wy,...,wg € Ag_; i.i.d. from a distribution that has a full support on A_;.
2: Compute Ty¢(w,) and ¢, ,¢(w,) with V (w) replaced by V(#(A)) for each r =1, ...,R.
3: Let

\ Z1-p(a) 0 (W(A))
Cyp= max. B (w,) + L@t and
1<r<R:Tpr(W, )< pf(W)) \/ﬁ
. . % 6,.(w(A))
CLr = min_ 0,(w,)— AC )
1SrSR:be(Wr)Sclfk',bf(Wr) '\/ﬁ

where (a,x) =(a—«)/2.
Output: Confidence interval for 6;:

Ci—ar = [CL,R: CU,R]-

Notes: The algorithm assumes that the weight w*(A) is point-identified. When it is partially identified, we can
modify the above algorithm by replacing V(#(A)) and &(#W(A)) in Steps 2 and 3 by V(w,) and &(w,).

Let C,_, be the confidence set for w*(1). We construct a confidence interval for 0. Note
that
1

VO, 0wr () -0 = — gm(w*(x)) +0p(1),
where
K
P oW (L)) =0, — D 2y Wi(A).
j=1
Define

62wy =~ 3% ),

ieN

where ‘f’it,e(W) = ,(IZ,}iO,t_Z;(:] W), j,cw;- Then, the confidence interval for 6/ is given as follows:
with xk € (0, a), (say, k = 0.005)

s Zl—/s(a,:«)} ;
where f3(a, k) =(a—k)/2.

The computation of a confidence interval for 6 involves inverting a test for the weight

VB, (w)— 1)

G (w)

Clbia= {’L‘ €R: inf

wel_,

vector. For the case of point-identified w*(A), we present an algorithm that computes the
convex hull of C,_, directly without constructing C, . first. See Algorithm 1. Computational
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experiments in Section 5.4 below demonstrate that the algorithm computes the confidence
set efficiently in practical data dimensions (n, = 14,000 ~ 130,000, T = 84 and K = 46).

5.3. Asymptotic Validity

Let us introduce assumptions we use for the uniform asymptotic validity of the confidence
set for 0, without requiring the point-identification of w*(1):

Assumption 5.1. There exist constants C, ¢ > 0 such that for alln > 1,

sup sup ||Vp(w)|| < C and inf inf A, (Vp(w))>c.
PEP welg_, PEP weAg 4

Assumption 5.1 requires that the asymptotic variance V,(w) is well behaved uniformly over
P €P and w € Ag_;: it should be both bounded and non-singular.
Under these conditions, we obtain the following validity result.

Theorem 5.2. Suppose that Assumptions 2.1, 4.1, 5.1, (4.6) in Assumption 4.2, and SMC holds
at A. Then, for all t € T;, as n — 00, we have

liminf inf P{6; € C, .} > 1—a.

n—o0

The proofs are found in the Supplemental Note.

5.4. Monte Carlo Simulations

In this subsection we study the finite sample properties of our estimator of the target pa-
rameter. Our focus is on comparing SCD and DID and examining their complementarities. We
consider a short panel setting of length T where individual data is available and analyze the
simple case of one treated group and K untreated groups. Group 0 becomes treated at time
T*, and the remaining groups {1, ...,K} form the donor pool G,,,,. Weset T* =T € {50,100}
and K € {10,30}." We compare the performance of our SCD estimator with the standard
DID estimator in terms of the mean absolute deviation (MAD), the empirical coverage prob-
ability (ECP), and the average length of the 95% confidence intervals. We consider a sample
size of n € {1500,3000} and set the number of Monte Carlo simulations to 1, 000.

When comparing SCD and DID approaches, we implement the DID estimator of Callaway
and Sant’Anna (2021) without covariates. In the study, we consider three different scenarios:
one (Scenario A) in which PTA holds and there are parallel pre-trends, a second one (Sce-
nario B) in which PTA is violated but SMC holds throughout all time periods, and a last one
(Scenario C) where PTA holds, SMC holds, but the weights for donors cannot be recovered
from pre-treatment data. Thus, in Scenario A, both DID and SCD produce consistent and

9Here the length of the post-treatment window is equal to one.
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asymptotically normal estimators of the treatment effect. However, in Scenario B, while SCD
works, DID is not consistent. The opposite occurs in Scenario C.

We now describe the data generating process used in the simulations. First, for the baseline
setting, we define the probability of an individual belonging to group j € G = {0,1,...,K}
as simply 1/(K + 1), so that G; is drawn i.i.d. from the uniform distribution over G with
probability 1/(K + 1). As for the generation of potential outcomes, we adopt a factor model:

5.7) Yi,t(o) = A;Ft + €its

where, conditional on G;, A; ~ N(mg,, 1,).*° Here m ; denotes the population mean of factor
loadings in group j, whose components are drawn independently from a normal distribution
with mean zero and variance 2.52. In addition, time factors and idiosyncratic shocks are
generated as F, ~ N(0.02+/t - 15,0.5% - I;) and ¢;, ~ N(0, 1). Lastly, we set treated potential
outcomes for individuals in group O as

(5.8) Y, (T) =Y, (0)+ 7, (T"),

where 7, ,(T*) = ni .» and each 7, , is drawn from a normal distribution with mean zero and
variance 0.1. This setup implies that 67, = 0.1. In other words, the average treatment effect
for individuals in group 0 is equal to the variance of the random variable 7), ,.

We select different combinations of the differencing parameter (A € A1 ;) and the popu-
lation mean of individual factor loadings in the treated group (m, € R®) across scenarios. In
Scenario A, we choose

K
A =APP and m, = Z mjw?'D,
j=1
where wP'® =[1/K,...,1/K]’ € RX by the simulation design. By choosing these values, we
guarantee that PTA is satisfied, parallel pre-trends are present, and GMC holds in both the
pre- and post-treatment periods at (A°'®, wP'P). In Scenario B, we let

K
A= A" and m, = E m]-WJS.CD,
j=1

where w>® = [0,...,0,0.1,0.9] € RX is a vector whose first K — 2 entries are zero. In

this case, PTA is violated since w>“P # wP'P, but GMC still holds at (A", w>CP). Lastly, we

consider a Scenario C where PTA and GMC hold at (AP'®, wP'P) for the post-treatment period,

DID

but the SCD approach is unable to recover w"'" using pre-treatment data. More precisely, we

20We use 1,, and I, to denote the m-dimensional vector of ones and the m x m identity matrix, respectively.
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TABLE 2. Results for Monte Carlo Simulations.

Parameters MAD Coverage Probability CI Length

K T n SCD CSDID SCD CSDID SCD CSDID

Scenario A: PTA and SMC hold
10 50 1500 0.079 0.145 0.999 0.998 1.475 1.166
10 50 3000 0.059 0.105 1.000 0.999 0.967 0.828
10 100 1500 0.079 0.148 1.000 0.998 1.397 1.228
10 100 3000 0.054 0.100 1.000 1.000 0.907 0.875
30 50 1500 0.128 0.229 1.000 0.997 2.456 1.770
30 50 3000 0.094 0.163 1.000 1.000 1.824 1.279
30 100 1500 0.130 0.228 1.000 0.999 2.280 1.864
30 100 3000 0.090 0.157 1.000 0.999 1.715 1.349

Scenario B: PTA fails but SMC holds
10 50 1500 0.092 1.914 0.999 - 1.002 -
10 50 3000 0.069 1.909 0.996 - 0.683 -
10 100 1500 0.092 1.861 0.997 - 0.965 -
10 100 3000 0.062 1.857 0.998 - 0.652 -
30 50 1500 0.140 2.083 0.999 - 1.590 -
30 50 3000 0.100 2.073 0.997 - 1.072 -
30 100 1500 0.137 2.006 0.992 - 1.378 -
30 100 3000 0.098 1.982 0.993 - 0.927 -

Scenario C: PTA holds but SMC fails
10 50 1500 1.163 0.145 - 0.999 - 1.167
10 50 3000 1.159 0.105 - 0.999 - 0.828
10 100 1500 1.105 0.148 - 0.998 - 1.229
10 100 3000 1.130 0.100 - 1.000 - 0.875
30 50 1500 1.317 0.229 - 0.998 - 1.771
30 50 3000 1.340 0.163 - 1.000 - 1.278
30 100 1500 1.209 0.228 - 0.999 - 1.866
30 100 3000 1.198 0.157 - 0.999 - 1.350

Notes: This table presents the simulation results for three scenarios: Scenario A assumes both Parallel Trends
Assumption (PTA) and Stable Market Condition (SMC) hold, Scenario B assumes PTA fails but SMC holds, and
Scenario C assumes PTA holds but SMC fails. The table reports Mean Absolute Deviation (MAD), Coverage
Probability, and Confidence Interval (CI) Length for our proposed method of Synthetic Control with Differenc-
ing (SCD) and the Difference-in-Differences estimator proposed by Callaway and Sant’Anna (2021) (CSDID).
Inference for SCD is conducted using Algorithm 1. Inference results are only reported for cases where the target
parameter is identified. The number of MC simulations is 1,000.

allow for time-varying factor loadings for individuals in the treated group as follows

A=At < T =2} + A {e =T —1},
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where A, is defined as in Scenario A, but, conditional on G;, A; ~ N (g, I3), and

2 _ ouT
my = E mw;

with wOYT =[0,...,0,—0.3,0.4,0.9] € RX. In this case, we allow individual factor loadings
to be drawn from different distributions between pre- and post-treatment periods so that
weights for control groups cannot be estimated by SCD using pre-treatment data.

The simulation results from this baseline setting are reported in Table 2. Inference results
for SCD are based on the Bonferroni approach detailed in Algorithm 1. In all scenarios, when
the number of donor groups K increases (keeping fixed T and n), the accuracy of the es-
timators in terms of MAD deteriorates for both SCD and DID. In particular, in Scenario A,
we have w>® = wP'P_ so both designs generate a consistent estimator of 8, and the con-
fidence intervals are asymptotically valid as n — ©0. As the number of groups increases,
the estimation error of the weights accumulates. This explains the performance deterioration
as K increases from 10 to 30. When T increases, the performance of SCD in terms of MAD
remains similar, while confidence intervals become narrower.?! This pattern arises primarily
because our setting is a panel design. In a repeated cross-section setting, the observations are
independent across time and the accuracy would have increased as T increased. The empir-
ical coverage probability of DID and SCD shows conservativeness in this scenario, whereas
CS-DID produces confidence bands that are, on average, 24% narrower than those obtained
with SCD.

In Scenario B, our simulation design is chosen so that PTA fails but SMC holds at A“"f. As
expected, in this case we find that SCD outperforms DID in terms of MAD, and it also exhibits
some conservativeness as in Scenario A. In Scenario C, we consider an opposite setting, that
is, PTA holds but the stability of the weights fails. In this case, only DID provides a consistent
estimate of .. As a result, DID displays a smaller MAD than SCD. The performance of SCD
in Scenario C still appears better than that of DID in Scenario B. However, we believe this
difference is largely driven by the simulation design.

In Tables D.1-D.3 of Appendix D, we conduct three robustness checks for our simulation
results. First, we depart from the equal-size group setting and instead consider a donor
pool in which the last group is relatively larger than the others. Specifically, we set the
group membership probabilities to p = [0.8/K,...,0.8/K,0.2]" € RX*! for K = 10, and
p =[0.925/K,...,0.925/K,0.075] € RX*! for K = 30. Secondly, we allow each component

2Igince the simulation includes only one post-treatment period, an increase in T reflects an increase in the
number of pre-treatment periods.
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of time factors F, to have a different population mean by drawing it from a multivariate nor-
mal distribution with mean &4/t and covariance matrix 0.5%I;, where £ =[0.01,0.02,0.047’.
Lastly, we use a multivariate ¢ distribution with 5 degrees of freedom, mean mg, and scale
matrix I, as the conditional distribution of individual factor loadings A;. Across all these
additional exercises, the main findings reported in Table 2 continue to hold.

Overall, our simulation results highlight the complementarity between SCD and DID. Each
method performs well when its identifying assumptions hold and deteriorates when they fail.
In particular, SCD provides a reliable alternative when PTA is violated and performs as well
as DID when both sets of identifying assumptions are satisfied.

5.5. Computation Time

Our SCD method relies on a Bonferroni approach to construct a confidence set for the
weight w*, so a natural concern is whether the computational cost of this procedure is pro-
hibitive in practice. In this section, we demonstrate that Algorithm 1, which uses simulated
draws from the simplex, is computationally feasible for data dimensions commonly found in
practice.

We first report the average computation times of constructing confidence intervals using
Algorithm 1 on the monthly CPS data used in our empirical application in Section 6. We
restrict the time periods to January 2003-December 2009 and consider Arizona as treated
after July 2007, so that T = 84 and T* = 55. In this application the number of donors is
K = 46 states. We also consider two outcome variables: the indicator of the individual be-
ing non-U.S. citizen Hispanic (binary outcome) and the individual’s log of weekly earnings
(continuous outcome). We restrict our attention to individuals with strictly positive weekly
earnings when analyzing the continuous outcome variable. On average, the total number of
cross-sectional units per month is 128,932 for the case with a binary outcome, and 13,977
when considering a continuous outcome. To assess scalability, four sample fractions are con-
sidered: 25%, 50%, 75%, and 100%. For a given fraction, we randomly draw that share of the
full data five times and implement our SCD method on each draw. The reported computation
time is the average time across these five repetitions.*

The first set of results is shown in panels (a) and (b) of Figure 1. In panel (a), we document
that SCD takes on average 20 seconds to construct the confidence intervals of treatment ef-
fects with a discrete outcome and the full sample. For comparison, we also report computation
times for the did R package version 2.3.0 of Callaway and Sant’/Anna (2021) (CS-DID).* In
this case, their package performs similar to SCD for small samples, but their computation time

22A11 computations are performed on an Apple M4 Max with 64GB of RAM.

23The package is available on the website: https://cran.r-project.org/web/packages/did/index.
html


https://cran.r-project.org/web/packages/did/index.html
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FIGURE 1. Computation Time.
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Notes: The figure reports the computation time required to implement the SCD estimator across different combi-
nations of sample size, outcome variables, and data structures. As a benchmark, we also report the computation
time of the did R package version 2.3.0 of Callaway and Sant’Anna (2021) (CS-DID). We consider two out-
comes: (i) a discrete outcome equal to an indicator for being a non-U.S.-citizen Hispanic, and (ii) a continuous
outcome given by the log of weekly earnings. Results are reported for both repeated cross-section data from
the CPS between January 2003 and December 2009 and for a fictitious panel constructed from the same CPS
data. For each sample fraction, we randomly draw that share five times and implement SCD on each draw. The
reported computation time is the average across these five repetitions. SCD-DID refers to SCD with A = AP'P
SCD-Unif uses A = A“"f and SCD-SC corresponds to SCD without differencing.

increases faster than our SCD method as the sample becomes larger. This difference likely
reflects the greater generality of the Callaway and Sant’Anna (2021) package, which accom-
modates multiple covariates and various estimation options. A similar pattern is observed in
panel (b), where we consider a continuous outcome variable. CS-DID starts outperforming
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FIGURE 2. Length of Post-Treatment Confidence Intervals.
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Notes: The figures report the length of the confidence intervals only for the confidence intervals in the post-
treatment periods. Repeated cross-sectional data comes from the monthly CPS between January 2003 and
December 2009. The panel data is created by independently drawing the same number of individuals per state-
month from the CPS. Treatment occurs in July 2007 (T* = 55) in Arizona, after LAWA was passed. The number
of donors is K = 46 states. Panels (a) and (c) use as main outcome the indicator of the individual being non-U.S.
citizen Hispanic, and panels (b) and (d) use the individual’s log of weekly earnings. SCD inference is based on
Algorithm 1. CS-DID refers to the did R package of Callaway and Sant’Anna (2021). SCD-DID refers to the
method of SCD using A = AP'P, and SCD-Unif using A = AU"f,
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our procedure by a couple of seconds in small samples but its computation time grows faster,
taking almost one second more than SCD once we consider the full sample.

We next compare SCD and CS-DID under a panel data structure. To this end, we construct
a balanced panel from the CPS used before by randomly drawing, in each month, the same
number of individuals within a given state. For each state, the cross-sectional dimension of
the panel is defined as the minimum number of observations available in that state across all
months in the CPS. Sampled individuals are then assigned a panel identifier by interacting
the state code with a within-state row number, producing individual ids that are consistent
across time periods. The resulting panel contains n = 112, 744 observations every period for
the discrete case, and n = 8,969 for the continuous case. The results, shown in panels (c)
and (d) of Figure 1, indicate that although SCD remains computationally feasible, CS-DID
outperforms our approach in all cases. This reversal relative to the repeated cross-section
results arises because our inference procedure exploits the time-independence across samples
that is present in repeated cross-section data, an advantage that disappears in panel settings.
We also find that computation times are not affected by the choice of differencing parameter
and that the computational cost of SCD does not increase exponentially with the number of
cross-sectional units.

Finally, we compare SCD and CS-DID in terms of the average length of their confidence
intervals for the post-treatment periods across the different data structures and outcome vari-
ables considered above. The results are reported in Figure 2. Consistent with the findings in
Table 2, SCD produces, on average, longer confidence intervals than CS-DID. Interestingly,
the gap between the two methods becomes less pronounced when the uniform differencing
parameter is used or when no differencing is applied. These patterns hold in both repeated
cross-section and panel settings.

6. Empirical Application

To illustrate our method, we revisit the empirical setting analyzed by Bohn et al. (2014)
and study the effects of the 2007 Legal Arizona Workers Act (LAWA) on Arizona’s internal
composition. LAWA was passed in July 2007 and prohibited businesses from knowingly hir-
ing unauthorized workers after December 31, 2007. In addition, this new law required all
Arizona employers to verify the identity and work eligibility of new hires using an online
system (called E-Verify) that cross-checks employee information against federal earnings and
immigration databases. Employers who did not comply with the new rules faced sanctions
like suspensions or permanent revocation of their business licenses. As one of the strictest
state-level immigration laws at the time, it raised the costs of unauthorized employment for
both employers and undocumented immigrants.



36

TABLE 3. Summary Statistics.

Arizona Donor pool
2006 2009  Diff. 2006 2009 Diff.
Age 35.168 35.674 0.506 36.369 36.814 0.445
Female 0.503 0.503 0.000 0.511 0.510 -0.001
Educational attainment
Less than high school 0.413 0.375 -0.038 0.362 0.349 -0.013
High school graduate 0.227 0.211 -0.016 0.240 0.237 -0.003
Some college 0.201 0.223 0.022  0.205 0.209  0.004
College or more 0.159 0.190 0.031 0.193 0.205 0.012
Employment 0.462 0.462 0.000 0.485 0.470 -0.015
Non-citizen Hispanic 0.095 0.063 -0.032 0.043 0.042 -0.001
Observations 1,944 1,627 127,040 124,880

Notes: Cells for age display the mean and cells for other variables show proportions. Arizona’s donor pool
consists of 46 states without a similar regulation during the period analyzed. Columns 2 and 5 report January
2006 CPS statistics; Columns 3 and 6 report January 2009 CPS statistics; Columns 4 and 7 report the change
between 2009 and 2006. Survey weights are used.

In this context, the group membership variable (G;) is defined as the state in which individ-
ual i lives, the treated group is Arizona and the post-treatment period begins once LAWA is
passed in July 2007. We use CPS microdata from January 1998 to December 2009 and follow
the authors in considering 46 states (K) in Arizona’s donor pool that did not implement any
similar regulation during the period of analysis.”* Nevertheless, unlike Bohn et al. (2014), we
do not aggregate the monthly CPS data to the annual level, which allows us to point identify
the weights for Arizona’s donor pool using SCD. Our dataset contains 114 months and 30
months in the pre and post-treatment periods, respectively, with a total of 144 time periods,
i.e., T* =115 and T = 144. We focus on the population that is most likely to be affected by
the policy change, so our primary outcome of interest, Y; ,, is defined as an indicator variable
equal to one if individual i is Hispanic but not a U.S. citizen at time t and zero otherwise.
We apply SCD with the DID differencing parameter (AP'P) to estimate the average treatment
effect on the treated, which, in this case, captures the causal impact of LAWA on the share of
non-citizen Hispanic individuals in Arizona.

24The excluded states are Mississippi, Rhode Island, South Carolina, and Utah. CPS data is provided in the
replication package of Bohn et al. (2014).
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TABLE 4. Arizona’s Donors with Positive SCD Weights.

State Weights
Connecticut 0.204
Florida 0.029
Georgia 0.066
Idaho 0.047
Ilinois 0.037
Kansas 0.086
New Jersey 0.378
New York 0.017
Washington 0.138

Notes: Weights are obtained by applying SCD to Arizona and its donor pool, using as main outcome the propor-
tion of non-citizen Hispanic and setting A = AP'®. Arizona’s donor pool consists of 46 states without any similar
regulation during the period analyzed. Data come from the monthly CPS between January 1998 and December
2009. The sum of weights may differ from one due to rounding. Survey weights are used.

Table 3 presents descriptive statistics for Arizona and its donor pool one and a half years
before and after LAWA's enactment. We observe small changes over time in both Arizona and
its donor pool in terms of age, gender composition, and the employment-to-population ratio.
In contrast, changes in Arizona’s educational attainment distribution are more pronounced
than in the donor pool between 2006 and 2009. In particular, the share of low-educated
individuals (those with a high school diploma or less) declined by 5.4 percentage points in
Arizona, compared to a 1.6 percentage-point reduction among donor states. Likewise, the
variable of interest, the proportion of non-citizen Hispanic, fell by 3.2 percentage points (a
34% drop) in Arizona, whereas the donor pool experienced only a marginal 0.1 percentage-
point (a 2% fall) decrease over the same period. These patterns are in line with the hypothesis
that LAWA reshaped Arizona’s demographic composition by tightening immigrants’ access to
employment opportunities. In the next subsection we provide an estimate of LAWA's causal
effect on the internal composition of Arizona using SCD.

6.1. Results

Table 4 reports the subset of states in Arizona’s donor pool with positive weights from the
SCD estimation using as main outcome the proportion of non-citizen Hispanic. The largest
weight is assigned to New Jersey, followed by Connecticut and Washington. Smaller positive
weights are assigned to Kansas, Georgia, Idaho, Illinois, Florida, and New York. Interestingly,
the fact that all of Arizona’s neighboring states receive a zero weight by SCD in the construc-
tion of synthetic Arizona suggests the presence of potential spillover effects following LAWA's
enactment. In addition, none of the three states with positive SC weights found by Bohn et al.
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FIGURE 3. Estimated Effects on Arizona’s Share of Non-citizen Hispanic.
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2007. We apply SCD with AP'®| where Arizona’s donor pool consists of 46 states without any similar regulation
during the period analyzed. The states in the donor pool with positive SCD weights are Connecticut (0.204),
Florida (0.029), Georgia (0.066), Idaho (0.047), Illinois (0.037), Kansas (0.086), New Jersey (0.378), New
York (0.017), and Washington (0.138). Data come from the monthly CPS between January 1998 and December
2009. The blue and red lines correspond to 95% CIs constructed using Algorithm 1 for repeated cross-sectional
data. Survey weights are used.

(2014) (California, Maryland, and North Carolina) are shown in Table 4. Two main factors
contribute to this discrepancy. First, our identification strategies are different. We invoke
GMC with AP'P, so we need trends in averaged untreated potential outcomes to match be-
tween Arizona and its donor pool, which is less restrictive than the traditional SC approach
that matches averaged untreated potential outcomes between Arizona and its donors directly.
Secondly, the authors combine the CPS data at the annual level before applying SC, whereas
we exploit the frequency of the CPS to obtain point-identification of SCD weights.*

Figure 3 shows our main results for the share of non-citizen Hispanic after applying SCD.
Panel (a) mirrors the standard plot used in the SC literature, displaying two time-series lines:
one for Arizona (black) and another for its synthetic control (grey).26 Overall, both lines
follow a similar trend during the pre-treatment period, with Arizona’s series exhibiting higher
volatility than its synthetic counterpart. On the other hand, following the passage of LAWA,

25In their main SC analysis, the authors also incorporate covariates such as state unemployment rates and
industrial composition of the workforce, yet their results remain virtually unchanged when these covariates are
excluded.

261n SCD, the synthetic counterfactual outcomes for the treated unit are computed as follows:

E[Y,.(0) | G; = 0] =Ry, — O,(W), forall t € T.
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TABLE 5. SCD Weights for Arizona’s Donors Across Robustness Exercises.

State Non-citizen Hispanic Shorter Uniform No
Low-Educated Pre-Treatment Differencing Differencing

Alabama 0.195 0 0 0
Arkansas 0 0.010 0 0
California 0 0 0 0.621
Colorado 0.070 0.247 0 0
Connecticut 0 0 0.134 0
District of Columbia 0 0 0.060 0
Florida 0 0 0 0.213
Georgia 0.168 0 0.155 0
Idaho 0 0 0.103 0
Ilinois 0.013 0 0.010 0
Kansas 0 0.096 0 0
Louisiana 0 0.201 0.037 0
Missouri 0 0 0.023 0
New Jersey 0.245 0.382 0.265 0.166
New York 0 0 0.050 0
North Carolina 0.120 0.055 0 0
South Dakota 0 0 0.025 0
Washington 0.188 0 0.139 0
Wisconsin 0 0.009 0 0

Notes: Cells contain the SCD weights for each robustness exercise described at the top of each column. The
second column uses as main outcome the number of non-citizen Hispanics with a high-school diploma or less as
a proportion of the prime-working age (15-45) state population. The third column applies SCD on the proportion
of non-citizen Hispanics with a shorter pre-treatment window that starts in January 2003. The fourth column
shows the states’ weights after applying SCD with a uniform differencing parameter (A“"f), and the last column
does not apply any differencing to the data. Arizona’s donor pool consists of 46 states without any similar
regulation during the period analyzed. Data come from the monthly CPS between January 1998 and December
2009. The sum of weights may differ from one due to rounding. Survey weights are used.

we observe a big drop in Arizona’s proportion of non-citizen Hispanic relative to its synthetic
control, going from 9.1% to 6.4% between June 2006 and December 2009.

Panel (b) in Figure 3 shows LAWA’s causal effects (estimated by ét(ﬁ/)) on Arizona’s in-
ternal composition of non-citizen Hispanic along with a 95% confidence band obtained via
Bonferroni’s method described in Algorithm 1 for repeated cross-sectional data. Similar to
the usual pre-trend test used in empirical DID studies (Callaway and Sant’Anna, 2021; Sun
and Abraham, 2021; Roth et al., 2023; Borusyak et al., 2024), the non-statistically significant
estimates of the treatment effect during the pre-treatment period provide evidence in favour
of the stability assumption of matching weights in SCD. Additionally, the SCD estimates for
the post-treatment period indicate a negative effect of LAWA on Arizona’s share of non-citizen
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FIGURE 4. Robustness Checks for ATT.
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Notes: Panel (a) in this figure shows the ATT on Arizona’s share of non-citizen Hispanic with a high-school
diploma or less with respect to the prime-working age (15-45) state population. Panel (b) presents the ATT on
Arizona’s proportion of non-citizen Hispanic after applying SCD with a shorter pre-treatment window that starts
in January 2003. Panel (c) displays the ATT after applying SCD with a uniform differencing parameter (A""f),
and panel (d) uses no differencing at all. The blue and red lines correspond to 95% CIs constructed using
Algorithm 1 for repeated cross-sectional data. Arizona’s donor pool consists of 46 donor states. Donors with
positive SCD weights for each of the robustness exercises are shown in Table 5. Data come from the monthly
CPS. Survey weights are used.

Hispanics. In line with the 1.5 percentage point reduction reported by Bohn et al. (2014),
we find that the proportion of this demographic group declined by 2 percentage points on
average after July 2007 (equivalent to 125,000 fewer individuals with respect to Arizona’s
CPS population in June 2007).
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6.2. Robustness Checks

To complement our main findings, we conduct four robustness exercises. First, since illegal
immigrants tend to be low-educated, we refine our main outcome variable and use Arizona’s
share of non-citizen Hispanic with high school or less among the population aged 15-45.
Second, we shorten the pre-treatment window by starting the sample in January 2003 in-
stead of January 1998. This relaxes the trend-matching requirement in SCD and provides a
robustness check against potential overfitting of early-period dynamics. Third, we test how
our results change when SCD matches on trends relative to the pre-treatment average rather
than the last pre-treatment period by applying our SCD method with a uniform differencing
parameter (A""f). Lastly, we report results using SCD without applying any differencing to
the outcome, which is equivalent to the SC approach.

Table 5 reports the subset of Arizona’s donors with positive SCD weights for each robustness
exercise. In general, donors contributing to synthetic Arizona differ across specifications.
For instance, in column three where we adopt a shorter pre-treatment window, only Kansas
and New Jersey also appear in Table 4. When we apply SC to our monthly CPS data, we
obtain three donors with positive weights (California, Florida, and New Jersey), two of which
coincide with those reported in Table 4. Interestingly, New Jersey is the only state with
positive SCD weights across all exercises, highlighting its relevance as a comparison group
for Arizona.

We present the ATT results for each robustness exercise in Figure 4. Panel (a) reveals that
Arizona’s share of low-educated non-citizen Hispanics is reduced by 4.6 percentage points
after one and a half years of LAWA's enactment, suggesting that the policy’s impact was con-
centrated among less-educated immigrants. Next, in panel (b), we find that reducing the
number of pre-treatment periods does not affect our baseline results and estimate an average
post-treatment decline of 1.9 percentage points in Arizona’s share of non-citizen Hispanic.
Finally, panels (c) and (d) show that our main ATT estimates in subsection 6.1 remain robust
to alternative differencing choices in SCD. Specifically, we estimate an average post-LAWA
decline of 1.8 percentage points when using uniform differencing and 1.3 percentage points
when no differencing is applied.

Overall, these results show that Arizona experienced a significant change in its internal
composition after LAWA, suggesting that the policy discouraged undocumented workers from
residing in the state.

7. Conclusion

This paper considers the general framework of causal inference with groupwise matching.
We show that many widely used designs, including RCTs, difference-in-differences (DID),
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synthetic control (SC), synthetic control with differencing (SCD), and synthetic difference-
in-differences (SDID), can be understood through the lenses of a Generalized Matching Con-
dition (GMC) and the choice of within-group differencing parameters and matching weights.
This perspective provides a clear distinction of how these methods extrapolate untreated out-
comes. In particular, we show that DID relies on group-size based weights justified by the
parallel trend assumption (PTA), whereas SCD relies on weights chosen by pre-treatment fit
and justified by the stability of matching weights across time.

We examine the complementarity between DID and SCD through a regret analysis, showing
that DID regret-dominates SCD when SCD’s extrapolation error exceeds DID’s matching error
up to a term that vanishes at the parametric rate. In the opposite case, SCD regret-dominates
DID, so neither method uniformly dominates the other. We further establish that, under con-
ditions requiring both pre- and post-treatment parallel trends, DID and SCD are equivalent in
terms of GMC. In this case, the weights estimated by SCD using pre-treatment data coincide
with the group-size weights implicit in DID. When PTA fails, however, SCD provides an alter-
native to DID where identification no longer relies on parallel trends, but instead on a Stable
Matching Condition (SMC). We develop a uniformly valid inference procedure for SCD based
on a Bonferroni approach. Finally, our theoretical insights are illustrated via Monte Carlo
experiments and revisiting the empirical application of Bohn et al. (2014), who study the
impact of the 2007 Legal Arizona Workers Act (LAWA) on Arizona’s internal composition.

While the GMC is formulated in a setting where the target parameter is the average causal
effect of a treatment, it is conceivable that the condition extends to the setting where the
target parameter is the distribution of the causal effect. This opens up the question for future
research of how the causal inference designs such as changes in changes of Athey and Imbens
(2006) and the distributional synthetic control of Gunsilius (2023) compare.
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Appendix A. Proofs of the Results in Sections 2 and 3
Lemma A.1. Suppose that Assumption 2.1 holds. Then, for t € T,
(A.1) 07 = 0,(A, w)—e (A, w).

Proof: By (2.2) and Assumption 2.1(ii), for all t € 7,, m,, = m,,(0). Furthermore, for all
J € Ggon» mj, =m;.(0) for all t € T, by (2.2) and the definition of m; .(0). Hence,

K
0.(A,w)—e (A,w)= my, — mO,t(O) - Z(mj,t - mj,r(o))Wj

=1
=My, — mO,t(O)'

Now by (2.2), if we let m,,(1) = E[Y; (1) | D; = 1], we can write the last difference as
mg (1) —m, ,(0). This delivers the desired result. W

Proof of Proposition 2.1: First, note that

K
(A.2) e,(A,w) = (E[Ag |G, =0]— Y E[A/| G, = j]wj) F,(M).

j=1

Thus, (iii) implies (ii), which implies (i). Now, suppose that the full row rank condition holds.
Define e(A, w) = [er.(A, W), ...,er(A,w)]". Then, we have

K
E[A!| G;=0]— > E[A!| G, = jlw; = e(A, w)'F(A) (FQF(A)) .

j=1

Now, suppose that (i) holds. Then, this implies (iii), completing the proof. ®

Lemma A.2. (i) Suppose that e?,ﬂ?l(l) = 0 holds for some A € Ar._;. Then, PTA-I holds if and
only if PTA(A) holds.

(i) Suppose that for some A € Ay _y, e]'?'T?_l()L) = 0 holds for each j € Gg,,. Then, PTA-II
holds if and only if PTA-U(A) holds.
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Proof: (i) We assume that e?,f?l(l) = 0 for some A € Ajr-1- Now, suppose that PTA(A)

holds. Then, eP'®(1) =0 forall t € 7; U{T*—1}. Hence, for all t € T},
E[Y;.(0;1) | G; = 0] = E[Y; ,(0; 1) | G; € Gyon] and
E[Y;1(0;A4) | G; = 0] =E[Y;; 1(0; ) | G; € Gyon -
Subtracting the second equation from the first one, we obtain
E[AY;(0)| G; = 0] =E[AY; (0) | G; € Gyonl,

for all t € 7;. Hence, PTA-I holds.
Conversely, suppose that PTA-I holds. Then,

E[Y;(0;2) | G; = 0] = E[Y, ,(0) Y 7. 1(0) | G; = 0] +E| ¥; 7. 4 (0) — > | ¥;,(0)A, | G, = 0}

NS

=E[Y,,(0)—Y7._1(0) | G; = 0] +E| Y, 1._1(0) = > ¥, (0)A, | G, € Gyon

s€Ty

DID

because e~

,(A) = 0. The last sum of two conditional expectations is written as

t
Z E[AYL,E(O) | Gi = O] +E |:Yi,T*—1(O) _Z Yi,s(o)ls | Gi € gdon]
{=T*

s€Ty

t
= Z E[AYI’K(O) | Gi € gdon] +E |:Yi,T*—1(0) - Z Yi,s(O)As | Gi € gdoni|

{=T* s€Ty

=E Yl,t(o) _Z Yi,s(o)ls | Gi € gdon:| = E[Yi,t(o; )L) | Gi € gdon]-

S€Ty

The first equality follows by PTA-I. Hence, PTA(A) holds.
(ii) We assume that eE'TE)_l(A) = 0 for each j € Gy,,, for some A € A1 |_;. First, assume
that PTA-U(A) holds. We choose j € G,,,,, and replace the event G; € G4, by the event G; = j

in the proof of (i), to obtain that
E[AY;,(0) | G; = 0] =E[AY; (0) | G; =],

for all t € 7;. Since the choice of j was arbitrary, we obtain PTA-II. Conversely, suppose that
PTA-II holds. Again, choose j € G,,,,, and replace the event G; € Gy, by the event G; = j in
the proof of (i) to obtain

E[Yi,t(O; A) |G =0]= E[Yi,t(O; A) |G =]]

for each j € Gy,,,- M

Lemma A.3. Suppose that Assumption 2.1 holds, and let

DID _

w — [WDID DID]/’

1 Wy

|
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where W]DID is as defined in (3.2). Then, the following statements hold.

(i) PTA(A) holds if and only if GMC holds at (A, wP'P).
(i) PTA-U(A) holds if and only if GMC holds at (A,w) for all w € Ag_;.
Proof: (i) Notice that e,(1,w) and eP'°(1) have the following relationship:

e'°(1) =E[Y;,(0; 1) | G; = 0] —E[Y; ,(0; 1) | G; € Gon]

K
=E[Y,(0; 1) | G, =0]— > E[Y;,(0;1) | G, = jIwP' = ¢,(A,w""), forallteT,

j=1
where w?'® = P{G; = j | G; € Gyon}. Hence,
PTA(A) holds. & GMC(A, wP'P) holds.

(ii) Note that
(A.3)
K K

ePP(Mw; = > (E[Y;,(0; 1) | G, = 0] —E[Y; (0; 1) | G; = j])w;
=1

j=1

J

K
=E[Y,,(0;1) | G;=0]— > E[Y,,(0;1) | G; = jlw; = e,(A,w), forall t €T

j=1
Hence,

PTA-U(A) holds. = ¢, (A,w) =0, forall t € 7; and all w € A,_,,
i.e., GMC(A,w) holds for all w € A_;.

Conversely, suppose that GMC(A, w) holds for all w € Ag_;. Then, for any ¢ = 1,...,K,
we have W' € A_;, where W' denotes the K-dimensional vector of zeros except for the {-th
entry which is equal to one. Then,

K
GMC holds at (A, ') = eD'P(2) = > | ePP(M)W! = (4, #') = 0,
j=1

for all t € 77, where the last equality follows from (A.3). We can repeat this forall/ =1, ...,K,
to obtain that PTA-U(A) holds. m

Proof of Proposition 3.1: Note that e2!° (AP'®) = 0. Hence, the desired result follows by
Lemmas A.2 and A.3. &

Appendix B. Proofs of the Results in Section 4
Proof of Proposition 4.1: The proposition is the same as Lemma A.2. B

We turn to the proof of Theorem 4.1. For the results below, we assume that the assumptions
of the theorem hold. Recall the definition MER; ,(w) = 14 ,(w) — infycp Ep[n4 p,(W(Z))],
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where 1y (W) = SSME, (W), d =0, 1. For d =0, 1, we define

Haw) = — > 622, w).

72l &

Despite the notation, we cannot actually recover 7),(w) from data, because we do not observe
the untreated potential outcomes for the treated group. That is, we do not observe Y; ,(0) for
t € T,. However, we can construct 1),(w) from data.

Also, let

éj,t = .aj,t(l) - nu’j,t(A') and éj,t(o) = .aj,t(OZ A)— Uj,t(O; A),
where (i;,(0; A) is defined to be the same as (i, (1) except that Y; , is replaced by Y; .(0).

Lemma B.1. For each P € P,
inf B, L((2)] = inf B Lio((Z)] =B | inf s(w)], and
weD weD, WEAK_
inf Ep[nop(W(Z))] = inf mgp(w).
weD WEAK_4

Proof: First, note that

(B.1) inf B, [1,(#(2))] < inf B, [90(#(Z,))]

—E, | inf iiow) | < inf E, [A,((2)],

where D, denotes the Ay_;-valued maps that are measurable with respect to the o-field gen-
erated by the pre-treatment data Z,.”” The equality above follows because 7,(+) is measurable
with respect to the o-field generated by Z,.

The second statement follows because

inf Byl (RZN] < | inf o) =Ep | inf o) < inf By Lo (2]
weD WEAK_1 WEAK_1 weD
The first inequality follows because D includes constant maps taking values in Ay_;, and the

equality follows because 7, p(-) is nonstochastic. m

Lemma B.2. For ¢ > 0 in Assumption 4.2,

SSME,p(w)— _inf SSME, p(w) = cllw —w3CP|2,

27Note that H,(w) is continuous in w everywhere. Hence, inf,,. A, No(w) =inf,cn  nox To(w), where Q is the
set of rational numbers. Therefore, inf,c,,_, 7o(w) is a random variable.
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Proof: Let h(A) =[ug(A), ..., o -_1(A)]. Note that

(Fp(w WSCD)) (Tp(w — WSCD))+ T (LW —h(A)) To(w —wpP)

17l 7ol

1 SCD SCD Amin (F/F )
_ITOI(FP(W wp0)) (T (w—wy ))_—ITOI

where the inequality follows because (prf,CD —h(A)) Tp(w— Wf,CD) > 0 by the optimality of
w3<P (e.g., Propositions 2.1.5 and 2.3.2 of Clarke (1990)). &

cD
[lw — w31,

Define
Regret, () = E,[£,(#)] - inf E, [£,(#(2)],
and let
R, p(w)=— |71|; e(A,w) (6,(1, w) = 6,(A, w)) + ml; 6.(A,w)— 6, (A, w))’.

Lemma B.3. For any estimator w € Ay_; and for each P € P,

|Regret, ,(W) —E, [MER, (W)]| < 2E, [ngl an,p(w)|] :
Proof: Since e,(A,w) = 0,(A,w)— 6 by Lemma A.1, we write
Ep [ (67— 6.4 W) | =By [(67 — 6,1, %) + 6,(A, 1) — 6,02, )]
= Ep [2(A, W) ] — 2E, [e,(A, W)(0,(A, W) — 6,(A, W) ]
+Ep [(6,(2, W) — 6,(A, W))?].
Hence,
Regret, () = Ep [n1,p() + R, p(W) | — inf E, [0, p(0(2)) + R, p (#(2)) ]
= Ep [MER,(#)] +E; [R,, , () ]
- { inf (Ep[n:,p(#(2))] + Ep [R, p(#(2))]) — inf Ep[m,p(v”v(Z))]} :

As for the last term,

‘vlvrelzf; (Ep[nl,P(VNV(Z))] +Ep [Rn,P(VT/(Z)):I) - vlvfellf; EP[TILP(VNV(Z))]’

Rn,P(W)|:|) —vivfelzf)Ep[Th,p(W(Z))] =Ep [ sup Rn,P(W)|:| .

WEAK_

< lrel£ (Ep[nl,P(W(Z))] +Ep [ sup

WEAK_4

Thus, we obtain the desired bound. ®



50

We define

Dai = |T|ZZ|8“|andD |fr|ZZ

teTy j=0 teTy j=0

We define similarly f)d,l(O) and ﬁj’z(o) with @;,(A) and u;(A) replaced by {;.(0;A) and
‘uj,t(O;A)-

Lemma B.4. For each P € P and w € Ay_,, the following statements hold.
)
(ii) |Ao(w) — 1m0 p(w)| < 8mDy;(0) +2DZ ,(0).

Proof: (i) First, by (4.6), we have |e,(A,w)| < 4m, for all w € A,_;. Hence,

+ ? > (6. w) - 6,1, W)".

teT; | 1| teT;

R, »(w)| < 8mbD, ; +2D?,.

IRy p(W)| < |T|

Note that

&

Mw

j=0

Also, note that

K 2
(6,1, w)— 6.1, W)) <28 +2 (Z é],twj)

j=

—_

The second inequality follows from Jensen’s inequality. Combining these, we obtain the de-
sired result.

(ii) Note that

1
|Ho(w) = 16,p(W)| < ﬁ >

teTy

XA, w)—eX(A,w)|

<o Z(ef(x w) — e, (A, w))’
0

te75

25 e, ()l e (A w) — e, ().

|76| t€To

Now, observe that

|ét(2’: W) - et(A’; W)| S

1
>
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and
(8.2, w) —e, (A, w))* < 282 (0)+2Z (0)<2Z 0).

Ho(w) —nop(w)| < 8Dy ,(0) +2D2,(0). m

Therefore,

Lemma B.5. For each P € P,
oW L) = 0o p(W3P) — (1o (W>P) — 1 (W>P))

<4(D? +4mD01)Z [SCP —wSCP|.

Proof: We first write no(wsc) nOP(WSCD) ( o(W°P) — Mo, (WSCD))

S, W) 4 2, (2, WSPY) (&, (A, i) — ,(A, 5P

|76| teTy
S e (A wEP) + €, (A, W5PY) e, (A, wEP) — e, (4, WSP))
ITol 2
m ST 6, WY 48, (2, W5P) — (e, (A, wEP) + (4, WSPY))(2, (2, wEP) — &, (A, D))
0l teTq
|76| ;(é‘t(k WSCD)+€t(A V’l\/SCD))(Gt(A WSCD) t(A,WSCD)—(et(A,Wf,CD)—et(A,WSCD))).

By rearranging terms, we can write the sum of the last sums as

K K
T Z {(Zéo,t — Z (W5 4 wSCD) ) y Zﬂj,t(k)(WECD wCP)
0 =

fGT ] 1
K
* (B Dm0 i)« g 55 -3
J 1 ]:]_
= 1 A S A ~SCD SCD S A ASCD SCD
= m 280,t_Z€j,t w5 +Wj’P stj’t(wj —wip
ol teTq = p=
K K
+ (28 =250 +w§,§D)) X > 1 (W(WSP —wSCP)
j=1 j=1
K
(2““(” Zuj xw(w“%w“%) D8 5w >}
K
2 ~SCD __ ., SCD
= Z {4091&1%'8”' +16m max |8Jf|} x 2 W50 —wicP).

teTy
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Since

Z max |¢;,| < Dy, and Z max |£;,|* < Dgz,

|76| teT, 1<j<K IET 1<j<K
we obtain the desired result. B
Lemma B.6. For each P € P,
K N2 — N
J' - c :

j=1

Proof: Note that
oW P) = 0o p(W3P) — (1o (W>P) — 1, (W>P))

K 2
ASCD cD ~SCD cD ¢ ~SCD cD
> 1o p(WP) — 0o p(W3P) = [ WP — 3P| > — (Z [WS<P — WSS |) ,
by Lemma B.2. From Lemma B.5, we obtain the desired result. B

Lemma B.7. For each P € P,
—2

SCD)| 64m K
C

|71, (W5 P) =1y p(w (D3, +4mbDy,).

. ~SCD CDYy ;
Proof: First, note that n; (WD) — nl,p(wls, ) is equal to

Z(eZ(A wSCD) Z(A,WIS,CD))

teTy

|T| Z (ZMO t(O A) Z,U/] t(O A)(WSCD 4 WSCD ) (Z U t(O A)( SCD - )) .

teTy

[l

Hence, by Assumption 4.2,

w3

K
€D SCD —2
|71,p(W5P) =1, p(WSP)| < 16m° - > |w :

j=1

SCD _ SCD’ .
The desired result follows by Lemma B.6. B

Lemma B.8. There exists a universal constant C > 0 such that for each P € P
|Regret, ,(W°P) — MER, ,(w;P)|

—2
< Gk, [y, ]+ CE, [ 7,]+ S (B, [ 02, ] + 7k, [ D,])

+ CTiE, [ Dy 1(0)] + CE, | B2,(0) .
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Proof: Note that
(B.2) |Regret, ,(w°“®) — MER, ,(w3P)| < |Regret, ,(W5°) —E, [MER, ,(#*P)]|

+ [E, [MER, p(#°“°)] = MER, p(w3)|.

As for the leading term on the right-hand side, by Lemmas B.3 and B.4(i),

|Regret, ,(W*P) —E, [MER, ,(w°P) ]| szEp[ sup Rn,P(W)|i|
WEAK_4

< 2(8mE, [ Dy,]+2E,[ 2, ]).

It remains to deal with the last term in (B.2). First, we focus on MERLP(WSCD). Define

(B.3) Regret; ,(W>P) = E, [10,,(W>P)]— %sza E, [,(W(Z2))].
We write
(B.4) MER, ,(W°P) = MER, ,(W*P) — MER, , (W>“P) + MER, ,(#°P)

— Regret! ,(W*P) + Regret L(W°P).
We look into Regret! ,(w>“P). Note that

(B.5)

Regretap(ﬁ/SCD)gE [ﬁ (w SCD):I mep [nO(W(Z))]+EP|: Sup |770(W) nOP(W)|]

WEKl

:EP[ inf no(W)] 1nf Ep [no(W(Z))]""EP[ sup |770(W) T)OP(W)|:|

WEAK_4 WEAg_;

= p[ sup |fio(w) — HOP(W)I]

WEKI

where the first equality uses the definition of W>¢P

B.1. Since

and the second equality follows by Lemma

Ep [MERO,P(VA‘/SCD)] =Ep [no,p(WSCD)] - V})ng) Ep[10,(W(2))],
by the definition of Regretap(ﬁ/SCD) in (B.3), we also have

(B.6) E, [MERO,P(WSCD)] - Regretap(WSCD) = Vlvfellf; Ep [Mo(W(Z))]— Mljlellf) EP[UO,P(W(Z))]
—E, | inf iow)| = inf 1o, )

= P|: Sup |710(W) nOP(W)|]

W€K1
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where the second equality follows from Lemma B.1. Therefore, by (B.5) and (B.6),

|EP MEROP(WSCD)]|<2EP[ Sup |’70(W) nOP(W)|]

WGKI

Thus, as for the last term (B.2), noting that MERO’P(W§,CD) =0,
(B.7) |E, [MER, ,(W°?) | — MER, »(w;)|
< [Ep [MER, p(W°®) = MER, p(#*“?) ] = (MER, » (w;°P) — MER, o (w3 P))|

+2Ep[ sup |fo(w) — nOP(W)l]
WEAk

Now note that
MER, (#°) — MER, ,(#°) — (MER, »(w3®) — MER, »(w3))
= 01,p(W>P) =10 (W) = (01, p (W) =10 o (W3 P)).
Hence,
|EP MER, ,(W><P) — MEROP(WSCD)] —(MER;, p(WSCD) — MEROP(WSCD))|
|EP 1, P(WSCD) 0, p(WSCD)] E, [,UOP(WSCD) ,nOP(WSCD):”

Note that

0< 7h),P(W ) Mo, P(WSCD)

= Mo, P(WSCD) - no(WSCD) + no(VAVSCD) — Mo, P(WSCD)

< sup |770P(W) 770(W)|+770(WSCD) No,p (WSCD)<2 sup |770P(W) no(W)|

WEAK_, WEAK_,

Combining this with Lemma B.7, we find that
|E» [MER, p(#°) = MER, »(#°) ] = (MER, p (w3 ) — MER p(w; )|
64m K

(Ep [ :I +4mEp [ﬁo,l]) +2Ep [ zgp |770,p(W) - ﬁo(W)|:|

64_2K A s s \
< X2 (B, [ D2, ] + 4T, [Do 1) + 16TE, [Dy(0)] + 4E, [ D2,(0)].

The last inequality follows by Lemma B.4. In light of (B.7), this yields the desired result. ®m

Lemma B.9. There exists a universal constant C > 0 such that for d = 0,1 and each P € P,

5 )2
max{EP[Ddl] EP[Ddl(O)]}<Cm21nf{in+exp( M)}, and

v>0 213]

K s 2
max{Ep [f)iz],Ep [ﬁiZ(O)]} <Cm 223>0{—+exp( %)},
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where p; = %ZieNP (G, =j}.

Proof: We focus on f)d)l. Note that
Ep [|ﬁlj,t - mj,t|:| =Ap1 T A,
where, with p; = 1 3.\ 1{G; = j}, we define
A1 =Ep [|n“1j,t —mj,t| 1{p; = v}], and
A, =Ep [|rhj7t — mj’t| 1{p; < v}].
We define ¢;;, = Y; . —Ep[Y;, | G; = j], and, using rir; ,—m; , = ; ZieN(Yi,t_Mj,t)l{Gi =j}/b;,

it T n
bound

1 . m
;Zgij,t]-{Gi =j} ] < e

iEN

where the last inequality follows because

2
Ep (%Zgij,tl{Gi :]}) < %ZEP [Sizj,tl{Gi :J}]

ieN ieN

AR

ieEN
(Note that ¢;; , 1{G; = j} have mean zero and are independent across i’s by Assumption 4.1.)
Let us turn to A, ,. Note that

—ZieN|€ijt|1{Gi:j}
Ao, <E - —1{p; <
2 P_ ZleNl{Gl:J} {pJ V}

_ZieNEP[|8ijt| | Gl:---:Gn]l{Gi =j}

<E : 1{p. <

P I ZiEN 1{Gl :]} {p] V}

(S VE[le | 1G]1{G =

<E, Licy Pz[:h’;'{lc; _]]§ : ]}1{ﬁj<v}}3ﬁp{ﬁj<v},
| ieN i

because Ep[sizj’t | G,] < m°. Now, note that by Chernoff’s bound (see, e.g., Lemma 2.1 of
Chung and Lu (2002)),

P{ﬁj<V}=P{21{Gi:j}—nﬁj<nv—n13j}

ieN

n(p; —v)>?
(252)
J
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Therefore, we have
_ 1 n(p; —v)*
Ep||m;,—m,,||<minf| —=+exp| ——— | |.
=[] ing =+ exp 02
Hence,
. . 1 n(f?j - V)2
. —Uu. < R _——J 7
Ep [[0 () —p; (W] < 2m3§g(vﬁ + eXp( %, :
Using the same arguments, we obtain the same bound for EP[ (

gives the first bound of the lemma.
As for the second bound, we consider

]. This

Ep [ (i, —m;)’ | =B, +B

n,t?

where
B, =Ep [(Tﬁj,t —mj,t)z 1{p; = v}:| , and
BY =Ep[(ih;, —m;,) 1{p; < v}].

Similarly as before, note that

a 1 2 _ m
B, .= v2n2 ;EF [Sll fl{Gl _J}] = v2n’
and
n(p;—v)
B® <4m P{p; <v}<4m”exp P -
2pj
Hence,

Ep [ (000 — (D))’ < 288, +B?, )+zz (Be,+B)) A,

<2(B:, +B))+2 max (B:, +B))

.....

1 n(p; —v)>?
<t { L renp - ),
v2n 2p;

where the first inequality follows by Jensen’s inequality. Using the same arguments, we obtain

the same bound for E, [(,aj,t(O; A) —u; . (0; A))Z]. This gives the second bound of the lemma.
|

Proposition B.1. There exists a universal constant C > 0 such that

K+1Dm' [ 1 1
sup|Regret1p(wSCD) AMER (WSCD)| CH+Vm { +— +exp(—M)}.
pPep c Tov/N Ton 8
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Proof: Since we can take v = p;/2 in the bound in Lemma B.9, we have
1 n(p;—v)* 2 np;
inf{ —+exp| ———— | < +exp| —
m { v/ p( 25, bvn P\ 8

where the last inequality uses p; > m,. Similarly, we have

1 n(p; —v)>? np:
inf { — +exp _p]—N < Nj + exp _IP
v>0 [ v2n 2p; p;n 8

4 Ty
< ——-+exp (——) =:B,.
Tgn

By Lemmas B.8 and B.9 and the bounds above,

—3
— K\_
sup |Regret1’P(vAvSCD)— MERLP(WIS)CD)| <C (m + I )m A,
2

pep c
mK ) _
+C| 1+ m”-B,,
C

with some universal constant C > 0. The desired result follows because MERO,p(WIS,CD) =0

andm>1landc<1. 1

Lemma B.10. Suppose that Assumption 4.1 holds. Then,

] < 2 + ( non)
> ex —_— ).
movn P\ 8

Proof: Letu;; =1{G; = j} —P{G; = j | G; € Gyon}. We write

DID _,,DID _ Dien Ui H{G; € Gyon}
’ - Dsien HGi € Ggon}

Hence, with p := 23" 1{G; € Gyo,}, and arbitrarily chosen v > 0, we have
|

Dien Ui H{G; € Gyon}
Yien HG; € Gyon}
Diien Ui H{Gi € Gyon}
Yien HG; € Gyon}

#AOIP DD
J J,P

sup max E [
peglstK P

#APID DI
J J,P

] S Cn,l + Cn,Za

where

1{p = v}] and

Cn,l = EP |:

1{ﬁ<v}:|.

Cn,2 =Ep [
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Using the same arguments as before, we find that

1
C,,<——,
=y U

2
Cno < exp (_n(pz—v)) s
D

where p = %ZEN P{G; € G4o,}. By taking v = p/2 and noting p > 7., we find that

] < 2 + ( non)
= ex —_ 1.
movn P\ g

because |u;;| < 1, and that

N D|D DID
~Wip

supE, [

pepP

Proposition B.2. There exists a universal constant C > 0 such that

pepP

1 1
Sup |Regret1 p(WP'P) — MER, P(WDID)| < Cm*(K +1) { + —5 + eXp( M)} .
Mo/ 8
Proof: By Lemmas B.3, B.4(i), and B.9 with v = 1,/2 in the bound, we have

sup|Regret1p(wD'D) EP[MER (WD'D) |<23upEp[ sup |Rnp(w)|]

pep pep WEAK_;
— 1 1 T
SC’mz(K+1){ +T+exp(—in)},
n 8
for some universal constant C’. We bound E, [MER1 (WD'D)] MERLP(WE'D) as follows:

(B.8) Ep [7)1 p(WDID) T P(WDID)]

ZEP le (2, WP'P) + ¢, (A, wB'P)| e, (A, WP'P) — e, (2, wB'®)]].
teTy

Bl ITll

Note that

e, PP — e, (2, wR'P)| < Zm]t(o WP —whp

j=1

< ZmZ |WDID DID .
On the other hand,

K
| (A, WP'P) + €, (A, wB')| < 2|u1g (05 A)| + D 1y, (05 )| (WP' + wPIP) < 87,
j=1
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Hence, the last term in (B.8) is bounded by

_ 2 Toh
O [ | R P e O

pepP
by Lemma B.10. Thus, since m > 1, we have the desired result. B

ADID DID

Proof of Theorem 4.1: The desired result follows from Propositions B.1 and B.2. B

Appendix C. Proofs of the Results in Section 5

Proof of Theorem 5.1: The first result follows from Lemmas B.6 and B.9. We can see
that the second result follows from the first result using the standard arguments. Details are
omitted. W

Theorem C.1. Suppose that Assumptions 4.1 and 5.1, and (4.6) in Assumption 4.2 hold. Then,
for any a € (0,1), as n — oo, we have

11m1nf1an{w N ec,_ a} >1—a

n—oo

Proof: For any vector x = (x;);_, € R, we write Jo[x] = {1 < k <K : x; = 0}. We define
Aw)={B,A R : w2 =0,1>0} and
AW, V(w)) = {x e R : [BZ\A/_l(W)x]JO[W] <0}.
It is not hard to see that A(w) is a polyhedral cone and A°(w,V(w)) its polar cone along

Il - [Iy(w), Where ||x||\2/( )= = x'V7'(w)x. We let Y,(w) = v/nB}(w). For any vector y € R

and a closed convex subset C C R“", the projection of y onto C along || - ||y, is denoted by
Iy((y | C). Then, we can write d(w) as follows:

d(w) = 1Jo[B,V " (w)B, (& (w) — A(w))]|

= Jo[BoV ™ (W)(Y (W) — My, (Y (W) | A(wW)))]]

= [Jo[BoV ™ (W), (Y (w) | A°(w, V(w)))]I-
It suffices to show that for each sequence P, € P and each sequence w, € W, ,

nlingo Py {Toe(wy) > & pe(w)} < k.
We apply Lemma 3.1 of Canen and Song (2025) by setting L =0,
Y, =Y, (w,), Q,=V(w,), Q,=V,(w,), and p,(w,) = VB, (w,).

For this, we check Assumption 3.1 of Canen and Song (2025). First, note that
(A} V(w,) = Vp, (w,) = 0p(1),
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by Assumption 4.1 and the Law of Large Numbers, and
Zn = Q;I/Z(Yn _nu’n) = V_I/Z(Wn)\/ﬁB;(@(Wn) - ()DPH(Wn)) —d N(O: IK—l):

asn — oo, by (C.1) and the Central Limit Theorem applied to independent random variables,
together with the condition (4.6) in Assumption 4.2. Furthermore, by Assumption 5.1, for
some constants C,c > 0,

Amin(Vp,(W,)) > ¢ and ||V, (w,)[| < C.

Thus, Assumption 3.1 in Canen and Song (2025) is satisfied, and the desired result follows
from their Lemma 3.1. B

Proof of Theorem 5.2: We consider the first statement. By the SMC at A, 6,(A,w*(1)) = 6.
Let

~ n 1{Gi, =j}
wij,t = _A;(Yi,t _.uj,t)-
n, it
Recall p;, = n;,./n,. Note that
1 n . K .
(C.2) \/ﬁ(et(W)—et*) = ﬁ;(wio,t_;q*/)ij,twj)
1 n K
= W Z (¢io,r - Z ll’ij,th) +R,(w),
i=1 j=1

where

Rn(w)=i231{ci,t=0}( : —i)(yi,t—uo,t)

Jn = e Do, 0,t
K n
1 n 1 1
+), —= 2, — UG =j}(A ——)(y- — U w;.
;ﬁ;nt b pj,t pj,t b st !

Using standard arguments, we can show that

sup |R,(w)| = 0p(1),

WEAK_

as n — 0. Using similar arguments, we can show that

sup 67 (W) —a?(w)| = 0,(1),
WEAK_1

where o2(w) =2 > Ep [(wio,r - Zf:l l/)ij,twj)z]‘
Thus, we find that

V(6. (w)—6?)

G (w)

(C.3) sup P, { > Z1-/3(a,;<)} <a—x+o(1),

WEAK_1
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by the Central Limit Theorem applied to the asymptotic linear representation in (C.2).
First, take any sequence P, € P. Note that
< Zl—[i(a,K) }

V(8. (w)—6%)
Va(f.(w)—6%) }
< Z1_p(ax)

&, (w)
&,(w)
Va(f.(w)—67)

G(w)

wel,_,

P{6reC }=P, { inf

> inf P, {we Cis

weWp,

> Z1—/5(a,;<)}

>1— sup Pn{wgéél_K}— sup Pn{

weWp, weWp,
>1—k—(a—«k)+o(l)=1—a+o0(1),

by Theorem C.1 and (C.3). B
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Appendix D. Additional Simulation Results

TABLE D.1. Results for Monte Carlo Simulations with Different Group Sizes.

Parameters MAD Coverage Probability CI Length

K T n SCD CSDID SCD CSDID SCD CSDID

Scenario A: PTA and SMC hold
10 50 1500 0.088 0.147 1.000 0.999 1.552 1.218
10 50 3000 0.062 0.106 1.000 0.998 1.030 0.868
10 100 1500 0.082 0.148 1.000 1.000 1.475 1.284
10 100 3000 0.059 0.109 0.999 0.997 0.971 0.917
30 50 1500 0.139 0.235 1.000 0.997 2.497 1.801
30 50 3000 0.094 0.172 1.000 0.997 1.865 1.305
30 100 1500 0.131 0.226 1.000 0.999 2.316 1.893
30 100 3000 0.093 0.160 1.000 0.999 1.718 1.366

Scenario B: PTA fails but SMC holds
10 50 1500 0.089 1.623 0.998 - 0.985 -
10 50 3000 0.065 1.625 0.997 - 0.672 -
10 100 1500 0.085 1.596 0.996 - 0.963 -
10 100 3000 0.062 1.592 0.995 - 0.657 -
30 50 1500 0.142 1.981 0.999 - 1.605 -
30 50 3000 0.098 1.964 0.996 - 1.110 -
30 100 1500 0.133 1.890 0.997 - 1.434 -
30 100 3000 0.093 1.886 0.994 - 0.964 -

Scenario C: PTA holds but SMC fails
10 50 1500 1.039 0.147 - 0.999 - 1.218
10 50 3000 1.034 0.106 - 0.998 - 0.869
10 100 1500 1.009 0.148 - 1.000 - 1.284
10 100 3000 1.009 0.109 - 0.997 - 0.917
30 50 1500 1.282 0.235 - 0.997 - 1.802
30 50 3000 1.294 0.172 - 0.997 - 1.306
30 100 1500 1.162 0.226 - 0.999 - 1.894
30 100 3000 1.149 0.160 - 0.999 - 1.366

Notes: This table presents the simulation results for Scenarios A, B, and C described in subsection 5.4, when
there is one large group in the donor pool. More specifically, we set p = [0.8/K,...,0.8/K,0.2] for K =
10, and p = [0.925/K,...,0.925/K,0.075] for K = 30. The table reports Mean Absolute Deviation (MAD),
Coverage Probability, and Confidence Interval (CI) Length for our proposed method of Synthetic Control with
Differencing (SCD) and the Difference-in-Differences estimator proposed by Callaway and Sant’/Anna (2021)
(CSDID). Inference for SCD is conducted using Algorithm 1. Inference results are only reported for cases where
the target parameter is identified. The number of MC simulations is 1,000.
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TABLE D.2. Results for Monte Carlo Simulations with Different Time Factors.

Parameters MAD Coverage Probability CI Length

K T n SCD CSDID SCD CSDID SCD CSDID

Scenario A: PTA and SMC hold
10 50 1500 0.079 0.147 0.999 0.998 1.472 1.166
10 50 3000 0.059 0.104 1.000 0.999 0.964 0.829
10 100 1500 0.079 0.147 1.000 0.999 1.403 1.232
10 100 3000 0.054 0.100 1.000 0.998 0.905 0.872
30 50 1500 0.128 0.229 1.000 0.999 2.449 1.766
30 50 3000 0.094 0.163 1.000 1.000 1.830 1.275
30 100 1500 0.130 0.228 0.999 0.998 2.277 1.867
30 100 3000 0.090 0.157 1.000 0.999 1.721 1.351

Scenario B: PTA fails but SMC holds
10 50 1500 0.091 1.914 1.000 - 1.003 -
10 50 3000 0.068 1.908 0.996 - 0.683 -
10 100 1500 0.095 1.861 0.995 - 0.969 -
10 100 3000 0.062 1.858 0.997 - 0.654 -
30 50 1500 0.138 2.082 1.000 - 1.593 -
30 50 3000 0.103 2.074 0.997 - 1.069 -
30 100 1500 0.139 2.005 0.994 - 1.383 -
30 100 3000 0.096 1.982 0.991 - 0.926 -

Scenario C: PTA holds but SMC fails
10 50 1500 1.173 0.147 - 0.998 - 1.165
10 50 3000 1.176 0.104 - 0.999 - 0.830
10 100 1500 1.179 0.147 - 0.999 - 1.233
10 100 3000 1.186 0.100 - 0.999 - 0.872
30 50 1500 1.358 0.229 - 0.999 - 1.770
30 50 3000 1.399 0.163 - 1.000 - 1.275
30 100 1500 1.332 0.228 - 0.998 - 1.867
30 100 3000 1.354 0.157 - 0.999 - 1.352

Notes: This table presents the simulation results for Scenarios A, B, and C described in subsection 5.4, modifying
the distribution of time factors as follows: F, ~ N(E+/t,0.52-13), where & = [0.01,0.02,0.04]’. The table reports
Mean Absolute Deviation (MAD), Coverage Probability, and Confidence Interval (CI) Length for our proposed
method of Synthetic Control with Differencing (SCD) and the Difference-in-Differences estimator proposed by
Callaway and Sant’Anna (2021) (CSDID). Inference for SCD is conducted using Algorithm 1. Inference results
are only reported for cases where the target parameter is identified. The number of MC simulations is 1,000.
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TABLE D.3. Results for Monte Carlo Simulations with Different Factor Loadings.

Parameters MAD Coverage Probability CI Length

K T n SCD CSDID SCD CSDID SCD CSDID

Scenario A: PTA and SMC hold
10 50 1500 0.079 0.158 0.999 1.000 1.810 1.274
10 50 3000 0.059 0.116 1.000 0.998 1.224 0.907
10 100 1500 0.079 0.160 1.000 1.000 1.731 1.342
10 100 3000 0.054 0.112 1.000 1.000 1.165 0.955
30 50 1500 0.128 0.260 1.000 0.998 2.965 1.954
30 50 3000 0.094 0.178 1.000 1.000 2.245 1.414
30 100 1500 0.130 0.249 1.000 0.998 2.795 2.069
30 100 3000 0.090 0.175 1.000 0.999 2.130 1.488

Scenario B: PTA fails but SMC holds
10 50 1500 0.094 1.918 0.999 - 1.202 -
10 50 3000 0.070 1.906 1.000 - 0.833 -
10 100 1500 0.093 1.863 0.998 - 1.165 -
10 100 3000 0.065 1.858 0.997 - 0.804 -
30 50 1500 0.141 2.084 1.000 - 1.952 -
30 50 3000 0.101 2.074 0.999 - 1.350 -
30 100 1500 0.138 2.009 0.996 - 1.728 -
30 100 3000 0.098 1.980 0.999 - 1.192 -

Scenario C: PTA holds but SMC fails
10 50 1500 1.159 0.158 - 1.000 - 1.276
10 50 3000 1.155 0.116 - 0.998 - 0.909
10 100 1500 1.134 0.160 - 1.000 - 1.342
10 100 3000 1.128 0.112 - 1.000 - 0.955
30 50 1500 1.339 0.260 - 0.998 - 1.956
30 50 3000 1.341 0.178 - 1.000 - 1.414
30 100 1500 1.230 0.249 - 0.998 - 2.070
30 100 3000 1.213 0.175 - 0.999 - 1.490

Notes: This table presents the simulation results for Scenarios A, B, and C described in subsection 5.4, mod-
ifying the distribution of individual factor loadings as follows: A;|G; ~ ts(mg,I3). The table reports Mean
Absolute Deviation (MAD), Coverage Probability, and Confidence Interval (CI) Length for our proposed method
of Synthetic Control with Differencing (SCD) and the Difference-in-Differences estimator proposed by Callaway
and Sant’Anna (2021) (CSDID). Inference for SCD is conducted using Algorithm 1. Inference results are only
reported for cases where the target parameter is identified. The number of MC simulations is 1,000.
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